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Abstract

Inefficient contracts between firms and suppliers—contracts that do not maximize gains from
trade—are ubiquitous. Research on bilateral oligopolies with inefficient contracts commonly employs
the Nash-in-Nash bargaining equilibrium concept, but has been hampered by a lack of theoretical
foundations for this equilibrium. We provide conditions for the existence and uniqueness of Nash-in-
Nash equilibria in vertical relations games. These conditions imply that bargaining models are point
identified, and can be verified in empirical work. We also provide an algorithm for fast equilibrium
computation. These results advance our theoretical understanding of bilateral oligopolies and extend

the toolset available to empirical researchers.
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1 Introduction

Bargaining over input prices is central in relations between firms and their suppliers. Contracts shape
profit functions and affect strategic interactions, so accounting for bargaining is key to studying issues
such as bundling, horizontal mergers, vertical integration, price discrimination, exclusive contracts, and
collusion.!

Empirical industrial organization studies bilateral oligopolies to address these issues. Modeling bar-
gaining in bilateral oligopolies is hard because negotiations between two firms affect other negotiations;
beliefs about these externalities on and off the equilibrium path further complicate matters. To simplify
the problem, Horn and Wolinsky (1988) developed the Nash-in-Nash equilibrium concept. In Nash-in-
Nash, pairs of firms simultaneously negotiate a la Nash, assuming all other pairs sign non-renegotiable
contracts. This framework has become a workhorse of the empirical literature on vertical relations.

Despite its central role in empirical research, neither existence nor uniqueness of a Nash-in-Nash
equilibrium is ensured. This presents an econometric problem, because estimation assumes equilibrium
conditions hold, and point identification often relies on uniqueness (Jovanovic, 1989; Galichon and
Henry, 2011). Collard-Wexler et al. (2019) prove the existence and uniqueness of equilibrium in models
where the gains from trade from negotiation are independent of the contracts firms sign. We call these
efficient contracts, because they maximize gains from trade for a given bargaining network. This paper
tackles a more general case: models where gains from trade can depend on the contracts all firms sign.
We call these inefficient contracts. Efficient contracts are nested as a special case of our results.

To understand inefficient contracts, consider the case of linear (i.e., constant) input prices. These
contracts are generally inefficient because they create double marginalization: redistributing surplus to-
wards suppliers requires raising downstream firms’ marginal costs, destroying industry profits (Crawford
et al., 2018). To highlight the importance of inefficient contracts, Table 1 presents evidence that linear
input prices are employed across several industries, countries, and years. Despite their inefficiency, it is
clear that linear contracts are widespread.

This paper has three main contributions. First, we provide sufficient conditions for the existence
of Nash-in-Nash equilibria for a wide class of vertical relations games. In these games, upstream sup-
pliers and downstream retailers negotiate contracts a la Nash, following which retailers compete in a
downstream market. Nash-in-Nash equilibria in these settings are solutions to systems of nonlinear
equations, which generally do not exist. Our proof of existence ensures the criterion function for the
estimation of bargaining models can be specified.

Existence does not rule out multiple, infinite, or even a continuum of equilibria. Thus, our second
contribution is providing sufficient assumptions for local and global uniqueness of equilibria. Unique-
ness matters because it supports the point identification of model parameters, and enables a clear
interpretation of counterfactual exercises.

Our results do not depend on the number of firms in the market, the type of contracts firms negotiate
(e.g., linear input prices, two-part tariffs, revenue sharing), or the number of inputs they trade. The

results are also independent of the degree of contract inefficiency and the presence of vertical integration.

'Bundling: Crawford and Yurukoglu (2012); horizontal mergers: Horn and Wolinsky (1988), Chipty and Snyder (1999),
and Gowrisankaran et al. (2015); vertical integration: Crawford et al. (2018); price discrimination: Grennan (2013);
exclusive contracts: Chambolle and Molina (2023); collusion: Cussen and Montero (2024).



Table 1: Evidence of linear input prices

Product Origin of data Reference Nash-in-Nash Demand
Breakfast cereal United States Meza and Sudhir (2010) Yes (TIOLI) Mixed Logit
Cable TV United States Crawford and Yurukoglu (2012) Yes Mixed Logit
Cable TV United States Crawford et al. (2018) Yes Mixed Logit
Coflee Chile Noton and Elberg (2018) Yes Mixed Logit
Mortgage brokerage United Kingdom Robles-Garcia (2020) Yes Mixed Logit
Health services Chile Cuesta et al. (2025) Yes Mixed Logit
Pharmaceuticals China Barwick et al. (2025) Yes Mixed Logit
Cancer drugs United States Dix and Lensman (2025) Yes Mixed Logit
Coronary stents United States Grennan (2013, 2014) Yes (x2) RCNL
Beer United States | Asker (2016), Miller and Weinberg (2017b) | Yes (TIOLI) RCNL
Pharmaceuticals Norway Dubois and Saethre (2020) Yes ~ Nested Logit
Medical services United States Gowrisankaran et al. (2015) Yes Logit
Medical services United States Ho and Lee (2017) Yes Logit
Many (imports) United States Alviarez et al. (2023) Yes Iso-elastic
Eggs Chile Cussen and Montero (2024) Yes Linear
Concrete Denmark Albzek et al. (1997) No —
Refrigerated juice, tuna United States Kadiyali et al. (2000) No —
Gasoline United States Hastings and Gilbert (2005) No
e-books Several Gilbert (2015) No —
Medical devices United States Grennan and Swanson (2020) No —
Bricks United Kingdom Beckert et al. (2020) No —
Carbonated beverages United States Luco and Marshall (2020) No —
Defined contribution plans | United States Bhattacharya and Illanes (2022) No —

Notes: Each row is a different sample, and contains the product(s), paper that presents the data, whether the paper uses
the Nash-in-Nash equilibrium concept and, if so, the demand system. Following Lee et al. (2021), we consider models with
take-it-or-leave-it (TIOLI) offers as a limit case of Nash-in-Nash. RCNL is random coefficients nested logit. Ho and Lee
(2017) use a variant of logit. The model in Dubois and Seethre (2020) is similar to, but different from, nested logit. Gilbert
(2015) presents evidence on Amazon’s sales of e-books in the US, but the input pricing model is the same when selling in
other countries. For beer we consider two papers: Asker (2016) and Miller and Weinberg (2017b); Miller and Weinberg
(2017a) present a model. Linear input prices may be used in some US states due to retail price maintenance agreements.
In Norway, side-payments are forbidden (Brekke et al., 2015), so linear fees are used instead (Dubois and Saethre, 2020).

To prove existence and uniqueness of a Nash-in-Nash equilibrium, our main assumptions are that
there is a unique pure strategy equilibrium in the downstream competition game, that profit functions
are smooth, and that firms negotiating & la Nash have a unique bargaining solution. Under these
conditions we can use the Brouwer and Poincaré-Hofp theorems to prove the existence and (at least
local) uniqueness of a Nash-in-Nash equilibrium for Lebesgue-almost every parameter vector in the
parameter space.

This last condition means that if a model has infinite equilibria, then an arbitrarily small perturba-
tion of its parameters yields a model with (at least locally) unique equilibria. Economic theory provides
smoothness and existence and uniqueness of equilibrium results for the downstream competition games
we study, so two of our main assumptions can be verified using models’ primitives.

Uniqueness of a bargaining solution is different. With efficient contracts quasi-concavity of the Nash



product (the bargaining problem’s objective function’s) is satisfied. With inefficient contracts, however,
the Nash product can be a highly nonlinear function. This means one cannot generally prove the Nash
product is quasi-concave using primitives.

To address this problem, we first note that the unique bargaining solution assumption is not nec-
essary for either existence or uniqueness of a Nash-in-Nash equilibrium. Then we develop our third
contribution: an algorithm that quickly computes Nash-in-Nash equilibria using gradient descent. This
algorithm has four useful properties. First, it only fails to converge if the bargaining solution is not
unique. Second, it is fast, allowing researchers to quickly verify uniqueness of the bargaining solution
and explore the contract space for multiple equilibria. Third, our algorithm may recycle code used used
for estimation, meaning it is easy to implement once such code exists.

Fourth, the algorithm uses our existence and uniqueness conditions to deal efficiently with the
two-stage structure of the games we study. Nash-in-Nash equilibrium computation is costly due to
the multi-stage structure of vertical relations games. A solution used in empirical work is specifying
and estimating one-stage games, where input price negotiations and downstream competition occur
simultaneously. This reduces equilibrium computation costs substantially, but risks introducing bias
of unknown size and direction in the estimation (Crawford et al., 2018). Our algorithm avoids these
concerns. These properties of our algorithm are only ensured under the assumptions we use to prove
existence and uniqueness of a Nash-in-Nash equilibrium.

As proof of concept, we use our algorithm to compute equilibria in Grennan (2013)’s model of the
market for stents, and find that it is fast and tractable. It takes under 20 seconds to compute a Nash-

0%* gridpoints. This speed allows us to explore the contract space for

in-Nash equilibrium in a grid of 1
multiple equilibria, and we find repeated convergence to the same equilibrium in 100 runs using random
starting points.

To ensure our results are applicable, we use extant and new results to prove that models with discrete
choice demand and constant returns to scale can satisfy our assumptions for existence and local and
global uniqueness. This shows that our assumptions are mutually consistent and that standard models

used in 10 are well suited for modeling vertical relations with Nash-in-Nash bargaining.

Related Literature. A significant amount of research has been devoted to modeling bargaining in bilateral
oligopolies. Aside from Collard-Wexler et al. (2019), the papers closest to ours are Ho and Lee (2019),
Rey and Vergé (2020), and Gross and Savelle (2025). Rey and Vergé (2020) prove the existence of Nash-
in-Nash equilibria when gains from trade do not depend on contracts. Their setting differs from ours
in that, in their model, contracts are private information. Gross and Savelle (2025) prove the existence
of a symmetric Nash-in-Nash equilibrium in symmetric models where bargaining and competition are
simultaneous. Our sequential setting, in contrast, allows for arbitrary asymmetries across firms.

Considering efficient contracts, Ho and Lee (2019) make the network of firms that bargain endoge-
nous. Their equilibrium concept is called Nash-in-Nash with Threat of Replacement because network
formation occurs via one side of the market unilaterally offering firms on the other side participation in
a network, from which they may be excluded.

Nash-in-Nash with Threat of Replacement differs from Nash-in-Nash in that the equilibrium network
of agreements is determined while firms bargain. In Nash-in-Nash, by contrast, the observed network

(but not the off-path network) is fixed by the time firms negotiate. Modeling network formation is



beyond the scope of this paper, but previous work shows that Nash-in-Nash is consistent with the
network being an equilibrium outcome. Lee and Fong (2013)’s network formation game provides a
microfoundation for the network in Nash-in-Nash, and Rey and Vergé (2020) show that the network-
formation stage can be modeled using coalition-proof Nash equilibria (Bernheim et al., 1987). Ide and
Montero (2024) rationalize the observed network using exclusive contracts.

Our paper also relates to the applied literature on vertical relations with bargaining, with linear and
nonlinear input prices. On the empirical side, these papers study rollups (Asil et al., 2026) and buyer
power (Demirer and Rubens, 2025), among other issues. On the ex ante antitrust policy evaluation side,
Sheu and Taragin (2021) and Panhans (2024) use simulations to study the competitive effects of vertical
integration under various types of contracts. We contribute to both literatures by showing conditions
under which equilibria in those models exist and are unique.

Finally, we contribute to the literature on equilibrium computation. Galichon (2016) and Galichon
et al. (2025) use tools from optimal transport to prove computation results in various models, including
transport networks, matching, and discrete choice. Several results depend on convexity or gross sub-
stitution, conditions that do not generalize to vertical relations games. Nguyen and Vohra (2018) use
Scarf’s lemma as an alternative to deferred acceptance in matching models, where the value of relations
does not depend on which other relations have been formed. We provide an algorithm that converges
quickly and reliably to Nash-in-Nash equilibria when none of these conditions hold.

We proceed as follows. Section 2 reviews existing research that predicts the use of inefficient contracts
and presents additional evidence of their widespread use. Section 3 characterizes the class of models
we study. Section 4 introduces sufficient conditions for the existence and uniqueness of a solution to
firms’ bargaining problems. Existence of a Nash-in-Nash equilibrium is proven in Section 5. Section 6
presents local and global uniqueness results. Section 7 presents our equilibrium computation algorithm.
Section 8 shows how to verify that our sufficient conditions for existence and uniqueness hold, with a

focus on discrete choice demand models. Section 9 provides examples and Section 10 concludes.

2 Inefficient Contracts

This section provides background on the use of inefficient contracts. First we review existing theoretical
results that predict firms will sign inefficient contracts in various settings. Then we present further

evidence of their widespread use.

2.1 Why Firms Use Inefficient Contracts

In theory, firms can solve the double marginalization by signing two-part tariff contracts, in which the
buyer purchases inputs at marginal cost and compensates the supplier with a lump-sum transfer. This
maximizes firms’ gains from trade, and bargaining is reduced to the size of the transfer.

In practice, firms may not sign efficient two-part tariff contracts for several reasons. First, arbitrage
in the wholesale market may prevent suppliers from using two-part tariffs (Tirole, 1988). Second,
Calzolari et al. (2020) show that two-part tariffs cause welfare losses if there are information frictions.
Building on that model, Cussen and Montero (2022) show that, for high enough frictions, firms in

bilateral oligopolies will choose linear prices over two-part tariffs.



Third, a vertically integrated firm that supplies its rivals may optimally constrain itself to linear
input prices (Kourandi and Pinopuolos, 2022). Fourth, a multiproduct monopoly supplier that cannot
commit to a unit price schedule may optimally negotiate linear prices with retailers to avoid dissipating
downstream rents (Ide and Montero, 2024).

Finally, Iyer and Villas-Boas (2003) consider incomplete contracts that arise when product charac-
teristics are not fully contractible. This incompleteness encourages opportunism, and the authors show
that firms will avoid two-part tariffs in these cases.

These results explain why linear input prices are widespread. But nonlinear contracts, which include
two-part tariffs, quantity-forcing contracts, buyback clauses and quantity discounts, are also observed
(Cachon, 2003). Nonlinear contracts, however, can also be inefficient.

To begin with, risk aversion and information frictions may cause welfare losses proportional to the
transfer in a two-part tariff (Calzolari et al., 2020). Firms may also use nonlinear contracts to exert
market power. An example is slotting fees: lump-sum transfers from suppliers to retailers who sell their
products. Theoretically, slotting fees may be used to extract surplus from consumers as well as suppliers
(Caprice and von Schlippenbach, 2013), to facilitate collusion (Shaffer, 1991), or for foreclosure (Asker

and Bar-Isaac, 2014). In the next subsection we review evidence that these mechanisms are at play.

2.2 Evidence of Inefficient Contracts

Table 1 presents evidence of the widespread use of linear input prices. More evidence of their use comes
from the practices of large retail chains in the U.S., that historically negotiated linear prices with their
suppliers (Elberg and Noton, 2024). Conversations with personnel of the fishing, agriculture and wine
production industries have yielded additional evidence of negotiated linear input prices. Zheng (2024)
reports that the Chinese government guided firms in the upstream coal market to negotiate linear prices.

Further evidence comes from antitrust cases. These include the antitrust cases of collusion in the
thread industry in the European Union, and in fiberglass and urethane in the U.S.2 Dobson and Waterson
(1997) cite numerous reports from the United Kingdom’s Monopolies and Mergers Commission.

Moving on to nonlinear prices, several papers find evidence of inefficiency. In the markets Hristakeva
(2022) studies, for example, firms use slotting fees. Yet, unit prices are consistently above suppliers’
marginal costs, and the non-negativity constraint of the slotting fees sometimes has a positive shadow
value. This implies that efficiency is not the only rationale for those transfers. The author explains the
result with the foreclosure mechanisms proposed by Asker and Bar-Isaac (2014).

Elberg and Noton (2024) use a uniquely detailed dataset of the supply contracts of a large retailer
to study the characteristics of nonlinear contracts in general, and trade allowances (including slotting
fees) in particular. They find evidence consistent with the market power view of nonlinear contracts,
and that slotting fees are not being used to reduce double marginalization. Rao and Mahi (2003) also
find evidence consistent with the market power view.

The takeaways from this section are: (1) theory predicts that inefficient contracts will be widely used,

and (2) ample evidence supports these predictions. This does not imply that contracts are never efficient,

2Threads: Commission of the European Communities, 14.09.2005, Case COMP/38337/E1/PO/ Thread, 112, 159-60.
Fiberglass: Reserve Supply v. Owens-Corning Fiberglas 971 F. 2d 37 (7th Cir., 1992).
Urethane: In Re: Urethane Antitrust Litigation, No. 13-3215 (10th Cir., 2014).



but suggests the importance of having equilibrium existence and uniqueness results for bargaining over

inefficient contracts.

3 Setting

This section has two parts. First, we define the class of models we study. These are vertical relations
models where bilateral oligopolies of suppliers and retailers negotiate contracts. After that, retailers

compete downstream. Then we discuss the equilibrium in the downstream competition stage.

3.1 Primitives

There are two types of players: upstream suppliers U;, i € {1,...,I} = Z, and downstream retailers D,
jeA{l,...,J} = J. The game has two stages. In the first stage a network of supplier-retailer pairs
(“bargaining pairs”) simultaneously negotiate contracts a la Nash. At the start fo the second stage all
contracts are revealed, and retailers compete in a downstream market.

A bargaining pair is denoted (ij), and the network of all pairs is G C Z x J. The contract firms
in pair (ij) negotiate is a vector of K;; contract terms x;; € X;; C RE4 (bold denotes a vector). The
set of admissible contracts for (ij), X;;, is nondegenerate, compact, and convex. An element of x;; (a
“contract term”) is xyji, k € {1,..., Kj;} = K;j. D;’s bargaining power relative to U; is b;; € (0,1). We
call b;; the bargaining parameter.

An example is a contract specifying linear input prices for Kj;; inputs. Another is a two-part tariff
specifying K;; — 1 unit prices and a lump-sum transfer.

The vector of contract terms negotiated by all other bargaining pairs is x_(;;) € X_(;;) C RE-G),
X _(ij) is compact and convex. During their negotiations D; and U; assume that all other bargaining
pairs have agreed to an x_;;), and that no other bargaining pair will renegotiate its contract if bargaining
between D; and U; breaks down.

Retailer Dj’s strategy set in the second stage is the set P; C R". Thus, P =[];cs Pj.3 So, in our
setting a model is a list of players (Z, J ), together with a list of expected profit functions (7 (-;-)) re(z,7),
parameterized by a finite-dimensional parameter vector 6 € ©, strategy sets (Py) fe(z,7), & network of
bargaining pairs G C Z x J, and admissible contract sets (Xij);jcq. Fixing the sets of players,
strategies, the network of bargaining pairs, admissible contracts sets, and profit functions up to 6, a
model is defined by the vector of parameters 6.

Notation. The number of contract terms in the model is K = K;; + K_(;;). With some abuse,

X = X5 x X_(;5) and x = (x5, %X_(5)) for all (ij) € G. A vector of admissible contract terms is x € X.

Discussion. Our setting encompasses a large class of models used in 10. As Lee et al. (2021) show, the
timing is consistent with firms taking other actions before, during, or after the bargaining stage that
may affect bargaining outcomes. Without loss, the second stage can stand in for several stages.

We are agnostic about the type of competition in the second stage. It may be in prices or quantities,
with or without product differentiation, and may include capacity constraints. Prices may be linear

or nonlinear, and retailers may sell multiple products. We use p; to denote a strategy vector for D;

3Without loss of generality and some abuse, we let suppliers’ strategy sets be empty, as all they can do in the second
stage is comply with the contracts they signed in the first stage.



because we will frequently apply our results in games where price is the strategic variable. Our results,

however, also apply to games where firms choose quantities or other variables.

3.2 Equilibrium in the Second Stage

Firms’ profits in the bargaining stage are their profits in the second stage as functions of contract terms

x only. For those functions to exist there must be an equilibrium in the second stage.

Assumption 1. For each x € X (and for every (ij), for every x_(;;y € X_;j)), there exists a unique

pure strategy equilibrium in the second stage. Firms’ profits, on and off-path, can be written as functions
of x.

Considerable research establishes the existence and uniqueness of equilibria for models used in IO.
These include CES, logit, nested logit, and mixed logit, with single or multiproduct firms, and different
cost functions, pricing structures, and degrees of substitution. See Caplin and Nalebuff (1991), Gallego
et al. (2006), Liu (2006), Konovalov and Sandor (2010), Morrow and Skerlos (2010b), Aksoy-Pierson
et al. (2013), Gallego and Wang (2014), Nocke and Schutz (2018, 2025), Garrido (2024), and Cussen
(2026).4

4 The Bargaining Stage

Given existence of an equilibrium in the second stage, this section presents firms’ bargaining problems

in the first stage, and conditions that ensure the existence of a continuous bargaining solution.

4.1 The Bargaining Problem

Consider pair (ij) € G, and let f € {U;, D;}. Given x_),
on-path profits are 7(x;j, X_(;;)). If bargaining breaks down, its off-path profits are 7(x_(;;)). So, f’s

if U; and D; agree on contract x;;, f’s

gains from trade are

AT (Xij, X (i) = Tr(Xij, X i) — Tr(X_ij))-

Given x_;;), we define f’s participation constraint as the closure, relative to X;j, of the contracts that
. . o . , . I f
give f strictly positive gains from trade. Thus, f’s participation constraint is the correspondence PCij

from X_;;) to X; given by
PCl(x_ij)) = cliy ({xij € X5 : Ary(xij,x i) > 0}) .

where cl;; denotes closure relative to Xij.‘r’ Participation constraints depend on x_;;) because D;’s

i)
residual demand generally depends on the prices or quantities of all retailers. The intersection of U; and

4There is no proof of existence of an equilibrium in models with mixed logit demand under general specifications; the
works cited here apply to a subset of models. Morrow and Skerlos (2010a) and Morrow (2015) provide general conditions
for equilibrium candidates to exist. Cussen (2026) proves that a large class of models with linear utility and constant
returns to scale satisfy those conditions. Nehzati and Cussen (2026) prove that the number of equilibrium candidates is
finite for Lebesgue-almost every parameter vector under linear utility and constant returns to scale. Morrow and Skerlos
(2011) provide a fast and accurate algorithm for computing equilibria once equilibrium candidates exist.

®Similarly, int;; means interior relative to X;;, as opposed to relative to R%: . Under Assumption 2 both interiors are
equal (see proof of Lemma 1 in Appendix A).



Dj’s participation constraints is called the bargaining set, denoted Bj;(x_(;;)). Thus the bargaining set
is the closure of the set of jointly profitable contracts. Jointly profitable contracts are contracts such
that, given x_(;;), both firms get positive gains from trade.

Given x_;;y € X_(;;), pair (ij)’s bargaining problem is

max Nij(Xij, X_(35); biz)
xij€Bij (X_(i5)) (@)

where N;j : X x (0,1) — R is a function of x, parameterized by b;;, such that

171)1']'

bi; X
[Aﬂ'DJ. (Xij7x—(ij)):| . [AWUi (Xijax—(ij))} if Xz‘j S Bij(x—(ij))

0 otherwise.

Nij(xij, X—(i5); bij) = (2)

Assumption 2 presents sufficient conditions for the existence of a continuous bargaining solution.
These conditions are expressed in terms of gains from trade functions. We choose this approach because,
although in Section 8 we show how to verify our assumptions, researchers may find alternative ways of

proving Assumption 2 holds.
Assumption 2. Fiz b = {bij}ujec € (0, DIGL Let © ¢ RE. For all (i5)
1. Firms’ gains from trade are twice continuously differentiable in x € O.
2. For all x_(;j) € X_(3j), inty; (Bij(x_(ij))) is nonempty.
8. For all x_;jy € X_(i5), Nij has a unique global mazimizer in xj; € int;; (Bij(x_(ij)))

4. For all x_;; € RE-Ga) if xij & Xij, then Amp(xi5,%x_(;5)) < 0 for at least one firm.

Section 8 shows how to verify Assumption 2; here we summarize those results. Continuous differen-
tiability comes from the smoothness of the cost and revenue functions. These are standard properties
in 10, including the models in every paper in Table 1 that uses Nash-in-Nash.

Continuous differentiability is violated if inputs sold by two suppliers are perfect substitutes for a
retailer who buys from them. In that case, suppliers effectively engage in Bertrand competition in the
bargaining stage. We present an example in Section 9.3. This situation is of no concern for models used
in empirical IO because discrete choice and CES demand systems rule out perfect substitution.

Assumption 2.2 means there exists a jointly profitable contract. In Section 8.3 we show that this
assumption holds in models with discrete choice demand, at least for Lebesgue-almost every 8 € ©.
Assumption 2.2 is implied by Assumption 2.3. We present them separately to clarify the discussion.

Assumption 2.3 states that each bargaining pair always has one contract that globally maximizes
their Nash product. Strict quasi-concavity of Ny;(-,x_(;;); bij) over B;j(X_(;;)) ensures this, but in most
models it is not feasible to verify that quasi-concavity holds. We use our gradient descent algorithm
to get around this problem, by showing that repeated failure of our algorithm to converge implies a

violation of Assumption 2.3. We also note that an equilibrium may exist even if Assumption 2.3 fails.



Finally, Assumption 2.4 means inadmissible contracts are never jointly profitable. This ensures no
Nash-in-Nash equilibria are ruled out by the construction of X. In Section 8.1 we show how to construct

such admissible contracts sets.

Lemma 1. Let Assumption 2 hold. For all (ij) € G, for all x_¢;;y € X_(;j), the bargaining problem has

*
ij =
by bi;, and maps into the interior of X;;. It is Pareto efficient, independent of irrelevant alternatives,

a unique solution, x X7 (X_ (i) big). X7 is continuous in (X_(ij), bij) € X_(35) % (0,1), parameterized

and invariant to equivalent payoff representations.

Proof. This and other proofs are relegated to Appendix A. The key, nontrivial step of the proof is

showing lower hemicontinuity of the bargaining set correspondence.

Pareto efficiency is efficiency within the set of admissible contracts. Independence of irrelevant
alternatives means that if, given x_(;;) a pair bargains over contracts in two bargaining sets, Bi; (X_(ij))

and B" C Bij(x_(ij)), and xj;(x_(35); bij) € B', then the bargaining solution when the bargaining set is
ij
transformations of profits.

B’ is also x (X_(ij); bij). Invariance to equivalent payoff representations is invariance to positive affine

Twice-continuous differentiability of gains from trade is relevant for the uniqueness proofs. For
existence of a continuous bargaining solution only continuity is required.

Corollary 1. All the results of Lemma 1 are preserved if Assumption 2.1 is weakened to continuity of

gains from trade in x € X.

5 Definition and Existence of Nash-in-Nash Equilibria

In this section we define a Nash-in-Nash equilibrium and use Assumption 2 to prove its existence.

Definition 1 (Nash-in-Nash Equilibrium). Fiz b € (0,1)I¢. A vector of contract terms x € X is a

*

Nash-in-Nash equilibrium if, for all (ij), xij = x};(X_(55); bij)-

Assign to each bargaining pair a number g € {1,...,|G|}. Function F : X x (0,1)!l is a function
of x, parameterized by b, that stacks the bargaining solutions of each pair in increasing order of g. A

Nash-in-Nash equilibrium is a fixed point of F.
Proposition 1. Let Assumption 2 hold. Then, a Nash-in-Nash equilibrium exists.

Corollary 2. The result of Proposition 1 is preserved if Assumption 2.1 is weakened to continuity of

gains from trade in x € X.

6 Local and Global Uniqueness of Nash-in-Nash Equilibria

The first part of this section adds a differentiability assumption under which Nash-in-Nash equilibria
are finite and locally unique. The second part presents an additional assumption under which the
equilibrium is globally unique, and conditions that ensure that assumption holds. Finally, we present a

test for the presence of multiple equilibria.



6.1 Finiteness and Local Uniqueness
Assumption 3. Fiz b € (0,1)/¢]. Assume
1. F is continuously differentiable in (x,b).
2. For all (if), if x is an equilibrium then Oxj;,/0bi; # 0 for all k € {1, ..., Ki;}.

In Section 8 we show that continuous differentiability of F', like twice continuous differentiability
of gains from trade, comes from the smoothness of cost and revenue functions, and mild regularity
conditions on profits. Thus, a conclusion of Section 8 is that if gains from trade are twice-continuously
differentiable, continuous differentiability of F' is a weak additional assumption.

Assumption 3.2 states that in equilibrium all bargaining pair’s contract terms depend nontrivially
on their bargaining parameters. This statement, while intuitive, may require knowledge of the model
at hand to be proven for all x. Assumption 3.2, however, is not necessary for the proof, and merely
rules out edge cases. In Section 8 we show that for models with discrete choice demand and constant

returns to scale Assumption 3.1 holds and Assumption 3.2 is unnecessary.

Proposition 2. Let Assumptions 2 and 3 hold. Then for Lebesque-almost every b € (0, 1)‘G‘ there

exists a finite number of locally unique Nash-in-Nash equilibria.

Proposition 2 shows that if bargaining solutions are continuously differentiable, then local uniqueness
is a generic result, in the sense that it can only fail in a subset of Lebesgue measure zero of the parameter
space. Therefore, the existence of infinite equilibria is an edge case result, which disappears under almost

every arbitrarily small perturbation of b.

6.2 Global Uniqueness

Notation. Let D,h denote the array of first partial derivatives of a function h with respect to vector z.
Conditional on Assumptions 2 and 3.1 holding, Assumption 4 gives a necessary and sufficient condition

for global uniqueness of a Nash-in-Nash equilibrium.
Assumption 4. If x is a Nash-in-Nash equilibrium, then det(I — DxF(x;b)) > 0.

Proposition 3. Let Assumptions 2, 3.1, and 4 hold. Then there exists a globally unique Nash-in-Nash

equilibrium.

Assumption 4 is not a condition on model primitives. Lemma 2 presents conditions under which

Assumption 4 holds.

Lemma 2. Let Assumptions 2 and 3.1 hold. If

al’z(/ It
> oy [, o
(i) (i) K ER gy | 710K
holds for every (ij), or
8$Zk
> 2 gl <t 4)
(i) (i) K € oy | 70 TW
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holds for every (ij), for every k € K;;, then Assumption 4 holds.

The conditions of Lemma 2 have an economic interpretation: stability (Moulin, 1984; Escrihuela-
Villar et al., 2024). That is, if cross effects between contracts are sufficiently small in every equilibrium,
then the equilibrium is unique. Section 9.1.2 presents models with primitives such that the conditions
of Lemma 2 are satisfied.

Stability is not necessary for global uniqueness. Lemma A.1 presents other sufficient, and necessary
and sufficient, conditions for Assumption 4 to hold. These are conditions on the spectrum of F', so we
relegate them to Appendix A.

In the introduction we stated that our results nest efficient contracts as a special case. Corollary 3

shows that if contracts are efficient, then the Nash-in-Nash equilibrium is globally unique.

Corollary 3. Let Assumption 2 hold. If contracts are efficient, there is a globally unique Nash-in-Nash

equilibrium.

6.3 A Test for the Presence of Multiple Equilibria

Assumption 4 provides a test for the presence of multiple equilibria. The test is partial because it can
reject global uniqueness, but cannot support it. Assuming a researcher has a sample that lets them

observe an equilibrium x, and a consistent estimate of F', Corollary 4 presents this test.

Corollary 4. Let Assumptions 2 and 3.1 hold. If, at the observed equilibrium x, det(I — DxF(x;b)) <

0, then there are multiple equilibria.

7 Computation Using Gradient Descent

In this section we show how to compute Nash-in-Nash equilibria using gradient descent, a derivative-
based minimization algorithm. Gradient descent is a good fit for three reasons. First, under standard
smoothness and step-size conditions used in modern optimization, gradient descent has a well developed
convergence theory for non-convex problems: it always converges and, under random initialization, it
almost surely converges to a local minimum and not a strict saddle point (Lee et al., 2016). These con-
ditions are considerably weaker than the contraction type conditions that would guarantee convergence
of fixed point iteration.

Second, in our setting Assumptions 2 and 3.1 imply that the objective function we construct below is
continuously differentiable, so its gradient is well-defined and can be computed. Third, gradient-based
methods scale well and often perform well in practice even when theoretical guarantees do not exist
(Mnih and Salakhutdinov, 2007; Koren et al., 2009; Gemulla et al., 2011).

This section starts by explaining the gradient-based algorithm. Then we show that repeated eval-
uations of the algorithm using random starting points can speak to the uniqueness or multiplicity of

equilibria. Finally, we compare gradient descent with alternative algorithms.
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7.1 Algorithm Description

Given b, consider the operator F': X — X, defined in blocks for each (ij) as

Fij(xij,X_(ij)) = arg Xglea))é” Nij(Xij, X_(55); biz)
That is, for each bargaining pair, ﬁ}-j solves the bargaining problem without the participation constraints.

Under Assumption 2.2 this relaxation is without loss. Consider the following function:
M LIE ’
09 = 3| FGo ][,

M is non-negative and M (x) = 0 if, and only if, x is an equilibrium. Hence, equilibrium computation
reduces to minimizing M. Convergence to local minimizers that are not equilibria is immediately
detected, so the strong global and local convergence results of gradient descent mean our algorithm is
reliable. Since under Assumption 3.1 Fis continuously differentiable, the gradient of M is well-defined.5

By Lemma 1, F = F(-;b) and DyF = Dy F(-;b). Therefore, by the chain rule the gradient of M is

Dy M (x) = (DyF(x;b) — I)T(F(x;b) — x).

Gradient descent updates a candidate equilibrium using the gradient. Given a starting point xg and

learning rate a > 0, we update the t-th element of the sequence by
X1 = Xt — aDyx M (%) (5)

Computing an equilibrium then reduces to computing M and its gradient. First, given x, compute
M (x) by maximizing each Nj;(-,X_(;;;bij) using grid search to find F'ij(xij,x_(ij)). The number of
steps in this grid-search grows exponentially with max;;)eq Kij. Thus, the discretization is confined to
the inner bargaining problems, rather than to the full space X. Then, compute DxM using automatic

differentiation. Appendix B presents the technical details.

7.2 Searching for Multiple Equilibria

A common way of searching for multiple equilibria used in IO is running an algorithm many times using
random, i.i.d. starting points x°. Repeated convergence to the same equilibrium is then heuristically
interpreted as increasing one’s confidence in the global uniqueness of the equilibrium.

Nehzati and Cussen (2026) present conditions under which repeated convergence to the same out-
come can be formally interpreted, using Bayesian inference, as evidence for the global uniqueness of an
equilibrium. The relevant conditions are measurability of the function that maps initial conditions into

an equilibrium, finiteness of the set of equilibria, and positive Lebesgue measure of each equilibrium’s

SConvergence results for gradient descent require twice continuously differentiable objective functions, meaning As-
sumption 3.1 must be extended to twice continuous differentiability. See Section 8.5 for the proof of twice continuous
differentiability of F' with respect to x.
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basin of attraction.” These sufficient conditions hold for our algorithm: Nehzati and Cussen (2026) show
gradient descent is measurable, finiteness comes from Proposition 2, and positive Lebesgue measure of
the basins of attraction comes from the local convergence property of gradient descent. Therefore,
repeated i.i.d. restarts reveal the distribution of computed equilibria.

Moreover, in our setting every reachable equilibrium with positive-measure basin of attraction is
found almost surely under infinitely many restarts. If every equilibrium is reachable by the algorithm,
repeated convergence to the same equilibrium has a disciplined interpretation as evidence in favor of

global uniqueness.

7.3 Alternative Algorithms
7.3.1 Fixed Point Iteration

In a general vertical relations setting, fixed point iteration is not guaranteed to be a contraction—
otherwise the proofs of existence and uniqueness of equilibrium would be trivial. This is where gradient
descent has an advantage: the conditions under which it is well behaved are broader than the conditions
that would guarantee convergence of fixed point iteration. The lack of convergence results for fixed point
iteration, however, is compensated by its lower per-step computational cost, as fixed point iteration does
not require computing gradients.

In Section 9.2 we compare the speed of gradient descent and fixed point iteration. In Grennan
(2013)’s model of the market for stents fixed point iteration converges, and quickly.® However, the gains
in computational speed seem small enough that gradient descent, with its convergence properties, is

still an attractive alternative.

7.3.2 Homotopy Methods

Homotopy methods use the solution of an easy case of a complex system of equations to get the solution
of a harder case by moving through the parameter space. These methods have proven successful in
dynamic games (Borkovsky et al., 2010). For the vertical relations games we consider, a natural starting
point is some b € {0, 1} (a model with take-it-or-leave-it offers).

Homotopy methods, however, can systematically fail to compute certain equilibria. That is, there
may exist an equilibrium vector x* such that no starting point xg # x* will lead to x* being the
computed equilibrium using the homotopy method. By contrast, Section 7.2 shows that repeated restarts
of gradient descent admit a clear interpretation for all reachable equilibria with positive-measure basins
of attraction. Moreover, homotopy methods are slow compared to gradient descent. All of this means
that, in our vertical relations setting, homotopy methods are not as convenient as gradient descent,

especially when searching for multiple equilibria.

"An equilibrium x*’s basin of attraction under computation algorithm ¥, ba™ (x*), is the subset of X such that, if ¥ is
initialized at an point x¢ € ba” (x*), the output of the algorithm is x*.
8Results available upon request.
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7.3.3 Full Grid Search

Full grid search works as follows: for each (ij), for each x_(;;) € X_;;), evaluate Ni;(-,x_(;); bij) at
each x;; € Bij(x_(;;)). Use these computations to construct the bargaining solution for each (ij), and
find an equilibrium. This can be done using fixed point iteration.

Full grid search’s main disadvantage is its slowness. Given a number of gridpoints for each dimension
of X, the search cost grows exponentially with K, because every possible combination of contract terms
must be explored for every bargaining pair. This is in sharp contrast with gradient descent, which only
evaluates Nash products along the path of updates. This means that gradient descent’s search cost
grows exponentially with max;;)e K;j—considerably slower.

Unlike other methods, full grid search gives researchers a numerical representation of the functional
forms of the Nash products and the bargaining solutions. Thus, without providing a proof, the output of
a full grid search gives researchers numerical information about a model—particularly about Assumption
2.3.

To illustrate this advantage of full grid search, Appendix C presents a model with two multiproduct
retailers who negotiate linear input prices with two suppliers each. To increase the complexity of the
model, the demand system is mixed logit. With the caveat that this is just a numerical exercise, two
results emerge. First, fixed point iteration starting from any point in X always yields the same computed
equilibrium. Second, the Nash product functions not only have a unique global maximizer, but are also
hump-shaped. Hump-shaped Nash products are expected if contracts are efficient, but there is nothing
to suggest that result in highly nonlinear problems. We obtain these results for different parameter

values and grids of X.

8 Verifying Assumptions

This section shows how to verify Assumptions 2 and 3 using model primitives, or at least test for
failures in the case of Assumption 2.3. We begin with the construction of an admissible contracts set X,
and then follow the order in which the assumptions were introduced. The section ends with a checklist
empirical researchers can go through to verify all the sufficient assumptions for existence and uniqueness
hold in their models. The results of this section are particularly focused on models with discrete choice
demand and constant returns to scale. Researchers who prefer to skip the technical parts of the section

can skip to that last subsection.

8.1 Construction of the Admissible Contracts Set

This subsection shows how to construct a nonempty, compact, and convex admissible contract set X
that satisfies Assumption 2.4 (no jointly profitable contracts are excluded). The results are contingent
on contracts being of one of the four most common types observed in the empirical literature: linear
input prices, two-part tariffs, revenue sharing, and quantity-forcing, but may be extended to other types
of contract.

The only primitive our proof requires is that agents in the model face a resource constraint. This

assumption is natural, and indeed unavoidable in applied work (Morrow, 2015). What follows are
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examples of how to construct X under each contract type.

1. Linear input prices. A contract x;; € X;; C R% consists of linear input prices if each element
is a constant unit price. For such a contract to be profitable, each price of a unit of input, x;;, must
be less than (a large multiple of) total industry revenue, which is finite. So, industry revenues give an

upper bound for each z;;;. The negative of the upper bound provides a lower bound.?

2. Two-part Tariffs. A two-part tariff is a contract with K;; —1 (constant) unit prices and a lump-sum
transfer. The bounds on unit prices used for linear input prices apply to both the linear prices and the

lump-sum transfer of a two-part tariff.

3. Revenue Sharing. Revenue sharing involves transferring to the supplier a fraction of the revenue
obtained from the sale of a product. Even if subsidies (i.e., revenue shares below 0% or above 100%)

are allowed, finite resources means the shares must be bounded.

4. Quantity-forcing. A quantity-forcing contract consists of K;; — 1 specified quantities for K;; — 1
inputs plus and a lump-sum transfer. Large multiples of maximum industry revenue bound the transfers
from above and below. Zero bounds quantities from below, and the upper bound is imposed by the
upper bound for the transfer and a positive marginal cost of production for the retailer (or an upper

bound on quantity demanded, as in discrete choice models).

Lemma 3. Let resources be finite. If contracts are linear input prices, two-part tariffs, revenue sharing,
or quantity-forcing, then there exists a nonempty admissible contracts set that is compact, convex, and

satisfies Assumption 2.4.

Proof. See the paragraphs above.

8.2 Twice Continuous Differentiability of Gains From Trade

It suffices to prove that on-path profits are twice continuously differentiable in x and that off-path

profits are twice-continuously differentiable in x_ To set up the proof, note that Assumption 1

if):
ensures that, for each x € X, in an interior second stage equilibrium each retailer’s first-order condition

with respect to p; holds:
DP]WDJ(p;k7p*—]7X):O vjej (6)

We collect the first-order conditions of all retailers into one system of equations, [Dp, 7p, (pj, p—j)]; = 0.

We call this the second stage equilibrium system.
Assumption 5. Assume that
1. All firms’ profit functions, w¢(p,x), are four times continuously differentiable in (p,x).
2. At the second stage equilibrium, p* (6) holds and its Jacobian with respect to p is invertible:

det (Dp[Dp,mp, (9}, p%,)];) #0. (7)

9Under CES demand expenditure in an industry is exogenous, making the proof of Lemma 3 below trivial.
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Four times continuous differentiability with respect to the strategic variable holds in standard IO
models, including CES, logit, nested logit, and mixed logit demand systems with linear-in-price utility.
See Konovalov and Sandor (2010), Morrow and Skerlos (2010b), Cussen (2026), and Appendix E.

Assumption 5.2 is a standard condition used to prove uniqueness of interior equilibria (Konovalov
and Sandor, 2010). Given Assumption 1, failure of (7) means the second stage equilibrium system is
degenerate at the equilibrium, yet the equilibrium is still unique. Assumption 5.2, which is sufficient
but not necessary for our proof, rules out such pathological cases, and is known to hold in models with
CES, logit, and mixed logit with linear utility (Konovalov and Sandor, 2010; Cussen, 2026).

Proposition 4. Let Assumptions 1 and 5 hold. Then, for all (ij) € G, all firms’ gains from trade

functions are three times continuously differentiable with respect to x € O D X.

We want three times continuous differentiability of gains from trade to get twice continuous differen-
tiability of bargaining solutions. Let lets us use the strongest convergence results for gradient descent.
The proofs of local and global uniqueness, however, only require the twice continuous differentiability

of Assumption 2.1.

Corollary 5. Let Assumptions 1 and 5.2 hold, and relax Assumption 5.1 to three times continuous
differentiability. Then, for all (ij) € G, all firms’ gains from trade functions are twice continuously
differentiable with respect to x € O D X.

8.3 Nonempty Interior of the Bargaining Set

This subsection has two parts. First, we give conditions under which the bargaining set is always

nonempty. We then extend the proof to nonemptiness of the interior of the bargaining set.

8.3.1 Nonempty Bargaining Set

We prove nonemptiness of the bargaining set for discrete choice models. Let contracts consist of linear
input prices, two-part tariffs, or revenue sharing. We skip the trivial proof for quantity-forcing contracts:
all that is required is setting quantities and the lump-sum transfer to zero.

Let the demand system be logit, nested logit, or mixed logit, and let retailers choose prices. Following
the empirical literature, we assume firms have constant returns to scale and that their cost functions
are additively separable by product. Finally, we assume consumers face a budget constraint and that
equilibrium markups are non-negative. Proofs of non-negativity of markups can be found in Morrow
and Skerlos (2010b,a), Morrow (2015), and Liu (2006), among other papers.

Lemma 4. Consider the models described above. Let contracts be linear input prices, two-part tariffs,
or revenue sharing, and let consumers have finite income. Let Assumptions 1 and 2.1 hold. Then, for
all (ij) € G, for all x_;;y € X_(;;), there exists x that gives both firms nonnegative gains from trade.

8.3.2 Nonempty Interior

To prove our nonempty interior result, we note that the bargaining set admits two plausible alternative,

closely related formulations. Making the dependence of gains from trade on @ explicit, these are
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Bij(x—(ij)) = {Xij & Xij : A?TDJ. (Xijax—(ij)S 9) > 0 and A"TUZ- (Xij>X—(ij)§ 9) > 0} (8)

and

s}

z'j(X—(ij)> = Clij {Xij (S Xz'j : AWD]. (Xz’jax—(ij); 0) > 0 and Aﬂ'Ui (Xz’jax—(ij)§ 0) > O} (9)

Expression (8) defines the bargaining set as the set of contracts that give both firms nonnegative gains
from trade, while (9) is the closure of the set of jointly profitable contracts.

Ex ante, (8) and (9) may seem quite different from each other and from our definition of gains from
trade. This difference could potentially affect our results, but that turns out not to be the case. In
Appendix F (Theorem F.1) we show that under a proper parameterization of profit functions the three
definitions of the bargaining set are identical for Lebesgue-almost every parameter vector 8 € ©. So,
for almost every @ € O, if the bargaining set is nonempty its interior is nonempty too.

To apply this result we prove that models with logit and mixed logit demand and linear-in-price
utility and constant returns to scale satisfy the proper parameterization conditions (Proposition F.1
and Corollary F.1).1% Given the technical nature of Appendix F, in this subsection we present our main

assumption and explain how logit and mixed logit are properly parameterized.

Assumption 6. For all (ij) € G, for all x_g;y € X_(;5), Amy, (-, X_(i5);+) and Amp, (-, X_(;5); ) are Kij

times continuously differentiable with respect to (x;5,0).

The smoothness of profit functions with respect to strategies, contracts, and parameters under
discrete choice demand systems is shown in Appendix E.

Proper parameterization requires that perturbations of different parameters in @ perturb gains from
trade (and their gradients) in different directions. In logit and mixed logit with linear-in-price utility and
constant returns to scale this requirement is satisfied by arbitrarily small perturbations of consumers’

mean utilities and retailers’ marginal cost functions.

8.4 Unique Global Maximizer of the Nash Product

Because most demand systems used in empirical 10 (i.e., discrete choice) have no closed form, in general
it is unfeasible to prove that the Nash product has a unique global maximizer (Assumption 2.3). For such
cases, in this subsection we show how to use our gradient descent algorithm to test whether Assumption
2.3 holds.

Under Assumption 2.1, for all (ij), for all x_ (ij), the bargaining solution correspondence is nonempty-

valued.!! This correspondence may have a fixed point even if it is not convex-valued.'? Therefore,

9Due to space constraints we do not extend our results to nested logit. However, since logit is a special case of nested
logit, a tedious re-writing of the proof of Corollary F.1 would extend our results to nested logit. In Section 9.2 we prove
nonemptiness of the interior of the bargaining set with random coefficients nested logit demand directly.

"Herrero (1989) provides a noncooperative foundation for bargaining problems where the Nash bargaining solution is
not unique.

12By the extreme value theorem there is always at least one bargaining solution. By the maximum theorem, the
bargaining solution correspondence is upper hemicontinuous (see the proof of Lemma 1 in Appendix A). The same lack of
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existence, local uniqueness, and global uniqueness of Nash-in-Nash equilibria can survive violations of
Assumption 2.3.

Before moving on, it is important to point out that Proposition 6 below shows that, for Lebesgue-
almost every @ € O, for models with discrete choice demand, constant returns to scale, and linear
input prices, the critical points of the Nash product are always isolated. Therefore, if Assumption 2.3
fails, the bargaining solution will not be convex-valued, so there is no ex ante way to show it has a
fixed point. More important, in general there will be no continuous selection from the elements of the
correspondence.

With these properties of the bargaining solution correspondence in mind, the following paragraphs

explain what we can learn about Assumption 2.3 by running our algorithm multiple times.

Case 1. Assumption 2.3 never fails. As explained in Section 7.2, in this case every equilibrium

will eventually be computed using our algorithm.

Case 2. Assumption 2.3 fails but there is a Nash-in-Nash equilibrium. Gradient descent
requires a continuously differentiable objective function. If Assumption 2.3 fails, gradient descent can
only work, and converge to an equilibrium, if (1) a continuously differentiable bargaining solution func-
tion can be selected from the bargaining solution correspondence, and (2) gradient descent is selecting
this function along its path of updates, defined by a starting point x¢ and update rule (5). Since neither
of these conditions is guaranteed, convergence of gradient descent when Assumption 2.3 fails is an edge
case.!3

As explained above, for models with discrete choice demand, constant returns to scale, and linear
input prices Proposition 6 implies that in general there is no continuous selection. Therefore, convergence

of our algorithm is particularly strong evidence for Assumption 2.3 in these models.

Case 3. Assumption 2.3 fails and there is no Nash-in-Nash equilibrium. In this case gradient
descent will not work, as it is not possible to construct a continuously differentiable objective function.

Attempts to use our gradient descent algorithm will never converge.

Conclusion. In all but edge cases, convergence of our algorithm implies that Assumption 2.2 is satisfied.
In the edge cases convergence implies that a Nash-in-Nash equilibrium exists even if Assumption 2.2

fails, and search for multiple equilibria can be performed as explained in Section 7.2.

To show directly that uniqueness of the bargaining solution can hold in models with discrete choice
demand, in Appendix G we prove that result for a model with two suppliers, two single product retailers,

and logit demand.

closed form that precludes a proof of uniqueness of the global maximizer of the Nash product, however, precludes a proof
that the bargaining solution correspondence is convex-valued, so we cannot use the Kakutani fixed point theorem to prove
existence of a Nash-in-Nash equilibrium.

13See for example the Michael and Deutsch-Kenderov selection theorems. The conditions of those theorems may be
unverifiable or may fail to hold. Moreover, the theorems guarantee existence of a continuous selection function, but say
nothing about continuous differentiability.
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8.5 Continuous Differentiability of the Bargaining Solution

Assumption 7. For all (ij) € G, for all x_;;y € X_(;;), the Hessian of Nij(xij,X_(;5); bij) is invertible

at the bargaining solution x; = x7;(X_(4); bij):

det (D2, . Nij(x55, %573 bis) ) #0.
Assumption 7 is weak for two reasons. First, Morse’s Lemma implies that functions whose Hessians
are non-invertible at critical points are pathological cases that disappear under arbitrarily small per-
turbations. In settings with gains from trade continuously differentiable in (x, 8), that may be achieved
with arbitrarily small perturbations of 8.1 Proposition 6 below shows how such an argument from
perturbations can be used to obtain invertibility of the Hessian for a large class of models.
Second, Assumption 7 is not necessary: a function’s maximizer can be infinitely continuously differ-

entiable even if the sufficient second order condition does not hold.1®

Proposition 5. Let Assumptions 2 and 7 hold. Then, for all (ij) € G, x];(X_(ij); bij) is continuously
differentiable with respect to (x_(;j,bij). If we strengthen Assumption 2.1 to three times continuous
differentiability (Assumptions 1 and 5 and Proposition 4), X7;(X_(5); bij) is twice continuously differen-

tiable with respect to (X_(;j), bij)-

The following proposition proves continuous differentiability without imposing Assumption 7. Let
the demand system be logit, nested logit, mixed logit or RCNL, and let retailers compete in prices. All
firms have constant returns to scale, and all contracts are linear input prices. Let ¢ be the vector of
(nonnegative) supplier marginal cost of production of all inputs. Without loss, we assume each marginal

cost is bounded from above by some ¢ > 0, which may be arbitrarily high.

Proposition 6. Let Assumption 2 hold and b € (0,1)|G|. Then, for Lebesque-almost every c €
(0,85 Assumption 7 holds and F(x;b) is continuously differentiable with respect to (x_j,bij). If
we strengthen Assumption 2.1 to three times continuous differentiability (Assumptions 1 and 5 and
), b).

Proposition 4), F(x_;j);b) is twice continuously differentiable with respect to (x_;;

Proposition 6 applies to every paper in Table 1 that uses a discrete choice demand system, making

it a powerful result for empirical research.

8.6 Dependence of Equilibrium Contracts on Bargaining Power

Assumption 3.2 states that, in a Nash-in-Nash equilibrium, for each pair (ij), all its contract terms
depend nontrivially on (ij): Oz, /Obi; # 0 for all kK = 1,..., K;;. Lemma 5 presents primitives under

which Assumption 3.2 holds. These include models with no closed form solution.

Lemma 5. Let Assumptions 2 and 5.1 hold and K = |G|. For each (ij) € G, for each x_; € X_(;5),
let Amp(-5x_(;5)) be strictly monotonic in x;; for some f € {U;, Dj}. Then, Assumption 3.2 holds.

14See chapter 1 of Guillemin and Pollack (1974) for an introduction to Morse theory and a proof of Morse’s Lemma.
BLet # € R and f(x;0) = 25:1 —(zk — Ok)*. Its argmax is 2(0) = 6y, for all k, infinitely continuously differentiable
in 6. But all the second partial derivatives are 0 at the argmax, so the sufficient second-order condition never holds.
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To state the conditions of Lemma 5 in terms of primitives, note that if contracts are linear input
prices, two-part tariffs, or revenue sharing, then D;’s gains from trade are strictly decreasing in every
element of x;;. K;; =1 for all (ij) is a common assumption in empirical work. 16

The extension of Lemma 5 to K > |G|, while intuitive, requires conditions on the curvature of
Nij (-, X_(ij); bij) to rule out edge cases. Thus, even though violations of Assumption 3.2 seem patho-
logical, Lemma 6 presents alternative, general conditions under which local uniqueness of Nash-in-Nash

equilibria holds in models with discrete choice demand.

Lemma 6. Consider the models treated in Proposition 6. Let ¢ € RX be a vector of suppliers’ marginal
costs. Let Assumptions 2 and 3.1 hold. Then, for each c the exists an open neighborhood that contains
it, C(c), such that for Lebesgue-almost every ¢’ € C(c¢) the model with supplier marginal cost vector ¢

has a finite number of locally unique Nash-in-Nash equilibria.

8.7 A Checklist for Researchers

Empirical researchers wishing to verify our sufficient conditions for existence and (at least local) unique-

ness of Nash-in-Nash equilibria can be satisfied by answering the following questions:

1. Does the model have a discrete choice demand system with linear utility, constant returns to scale,

and linear input prices?
2. Does a unique pure strategy equilibrium exist in the second stage?
3. Are contracts linear input prices, two-part tariffs, or revenue sharing?

4. Are profit functions (at least) max{4, K;;} times continuously differentiable in strategies, contract

terms, and parameters 6 for all (ij) € G?

5. How many inputs do firms in each bargaining pair trade? Are the gains from trade of one firm in

each pair strictly monotonic in each element of the contract?

6. Are there concerns that violations of Assumption 2.3 may lead to nonexistence?

Answers. If the answer to question 1 is yes, then the results of this section tell us that the only
Assumptions we cannot guarantee ex ante, at least for Lebesgue-almost every parameter vector, are
Assumption 2.3, Assumption 4 and, in some models with random coefficients, Assumption 1. This leads
us to question 2, which is treated in Section 3.2. That section presents a list of existence and uniqueness
results researchers may use, including for complicated cases of mixed logit demand.

If the answer to question 3 (contract type) is yes, then constructing an admissible contracts set X
that satisfies Assumption 2.4 is easy: see Lemma 3. If the contracts are of some other type the proof of
Lemma 3 provides guidance on how to construct X.

Even if the answer to question 1 is no, all standard demand systems answer yes to question 4
(continuous differentiability).

If the answers to both parts of question 5 are yes, then Lemma 5 ensures that bargaining solutions

depend nontrivially on the bargaining parameter. If one of the answers is no, then that assumption

16See Grennan (2013, 2014), Ho and Lee (2017, 2019), Noton and Elberg (2018), Crawford et al. (2018), and Alviarez
et al. (2023).
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may fail in edge cases. For the models described in question 1 this is not relevant, as Lemma 6 provides
an alternative way to obtain local uniqueness.

Finally, for models without closed form, Section 8.4 shows how to use our algorithm to test for
failures of uniqueness of the bargaining solution that lead to nonexistence of Nash-in-Nash equilibria

(question 6).

9 Examples

We present three examples. First, we cover the most common specification in Table 1: mixed logit
models with linear-in-price utility, constant returns to scale, and linear input prices. Using our results
in this paper, we go through the checklist in Section 8.7. We also provide a family of primitives under
which a globally unique Nash-in-Nash equilibrium exists.

Second, we present Grennan (2013)’s model of the market for stents, and use it to show the perfor-
mance of our algorithm. Finally, we present a modification of Horn and Wolinsky (1988)’s model with
discontinuities in firms’ gains from trade. This example illustrates why discontinuities are not a concern
in standard models used in empirical 10, and why the number of bargaining pairs (|G|) and contract

terms (K) in the models we consider are generally flexible.

9.1 Mixed Logit

Consider mixed logit models with multiproduct firms, constant returns to scale, and linear utility. Every
paper in Table 1 that uses mixed logit has this specification. Here we show that, if contracts are linear
input prices, these models can satisfy our conditions for local uniqueness. Extension to two-part tariffs
and other demand systems (logit, nested logit, RCNL, CES) is straightforward. Without loss, we only
look at on-path profits. The analysis for off-path profits is the same.

9.1.1 General Case

Each retailer sells a set of products Lj, |L;| > 1. Every product is different, and each requires at least
one input for its production. Consumers can buy an outside good. Retailers compete by setting prices
independently. We set the market size to one and ignore fixed costs, which drop out of gains from trade

(Lemma 1). Letting s; be the market share of good [ € Lj, retailer profits are

mp;(Pj, P43 %, 0) = > (p — mei(x,0))s1(p, 0). (10)
IeL;

where mg; is the marginal cost of good [ as a function of contracts. The dependence of market shares and
marginal costs on 6 is explained after presenting suppliers’ profits. Following the literature, marginal
costs satisfy

(mer) =) + X + v+ w (11)

where v = (ylo,'yll,’ylz) is a product-specific parameter vector, x;; is the vector of unit costs for the

inputs D; needs to sell [, and v, and w; are observed and unobserved shocks. The functions ¢+ commonly
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employed in the literature are the identity and the log functions (Conlon and Gortmaker, 2020), so we
restrict our attention to those.

Moving on to suppliers’ profits, let H; be the set of inputs U; supplies. Let the sets {H;};cz form
a partition of the input space. Because retailers have constant returns to scale, the amount of input
h € H; that retailer D; buys to produce good [ € L; is linear in s;, with transformation factor aj;, > 0

determined by the parameters in (11). So, suppliers’ profits in the second stage are

oPx) = Y. > > aumsi(p;0)(xh — cn(0)). (12)

](Z])EG lGLj heH;

where ¢, > 0 is U;’s marginal cost of producing input h. Given these functional forms, @ collects
parameters in consumers’ utility functions and all firms’ marginal costs.

Now we answer the questions in section 8.7. Regarding existence and uniqueness of Bertrand-Nash
equilibrium in the second stage, see Aksoy-Pierson et al. (2013) and Cussen (2026), and Section 3.2 for
a discussion. As for question 3, we are assuming contracts are linear input prices.

Appendix E uses existing results to show that profit functions with mixed logit demand and constant
returns to scale satisfy the continuous differentiability conditions of Assumptions 5.1 and 6.

If all bargaining pairs trade one input, then Lemma 5 proves that bargaining solutions depend
nontrivially on b;;. For K;; > 1 for some pair, Lemma 6 yields a local uniqueness result without
Assumption 3.2.

Violations of Assumption 2.3 are detected by our gradient descent algorithm (question 5), as shown
in Section 9.2. In Section 9.1.2 we present a subset of the class of models considered here for which
Assumption 4 is known to hold, guaranteeing a globally unique Nash-in-Nash equilibrium. Table 2

summarizes the results of this subsection

9.1.2 Global Uniqueness in Mixed Logit Models

Now we present a non-trivial example with mixed logit demand and a globally unique Nash-in-Nash
equilibrium. Following the previous subsection, we let Assumptions 2 and 3.1 hold. We add the following

restriction: for each bargaining pair K;; = 1 and U;’s gains from trade are

Ay, (x) = Z ajinsi(x)(xn — cp). (13)
IeL;

At least two kinds of models satisfy (13). First, models where each supplier sells to only one retailer.
Second, “gatekeeper” models, where retailers act as buyers for final consumers (Gowrisankaran et al.,
2015).17

Lemma 7. Consider the model described above. Let Assumptions 2 and 3.1 hold. Then, there exists a
subset of (0, 1]‘G| of positive Lebesgue measure such that, for all b in that subset, Assumption 4 holds
and the Nash-in-Nash equilibrium is globally unique.

'7"Gatekeeper models are particularly well suited to the US healthcare industry, and may extend to other settings
(Gowrisankaran et al., 2015).
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The proof of Lemma 7 does not depend on the demand system being mixed logit, so it extends to
other discrete choice demand systems.

Lemma 7 suggests a wider condition under which the Nash-in-Nash equilibrium is globally unique.
As the diversion ratios from any good [ to the outside good grow relative to diversion rations to all
other inside goods, for all bargaining pairs suppliers’ gains from trade will converge to (13) (because
upon disagreement the sales of other goods for which U; sells inputs will be relatively unaffected).!® We
therefore conjecture that if diversion ratios to the outside good are sufficiently high the conditions of
Lemma 2 will hold.

Table 2: Verifying Assumptions in Mixed Logit Models

Assumption

Assumption 1 Aksoy-Pierson et al. (2013), Cussen (2026)
Assumption 2.1 Assumptions 1 and 5, and Proposition 4
Assumption 2.2 Lemma 4, Corollary F.1
Assumption 2.3 See Section 9.2
Assumption 2.4 X = [-W,W]¥, W = total wealth (Lemma 3)
Assumption 3.1 | Assumptions 2 and 7 + Proposition 5, or Proposition 6
Assumption 3.2 Lemma 5, Lemma 6

Assumption 4 See Sections 9.1.2 and 9.2
Assumption 5.1 Cussen (2026), Appendix E
Assumption 5.2 Cussen (2026)

Assumption 6 Appendix E

Assumption 7 Proposition 6

Notes: Uniqueness of the bargaining solution (Assumption 2.3) is not verified analytically for the general case; in general,
our algorithm is required. See Section 9.2 for Assumption 2.3 and section 9.1.2 for models that satisfy Assumption 4.

9.2 Applying our Algorithm: The Market for Stents

Grennan (2013) presents a model of the wholesale market for stents. The formal treatment is in
Appendix D.

Each market has a single hospital (retailer D;) that buys stents from multiple suppliers. Doctors
in a hospital choose whether to perform an angioplasty on a patient and, if so, which stent to use.
Hospitals negotiate linear stent prices with producers, and receive a reimbursement for each angioplasty
performed. Each stent price is negotiated separately, so K;; = 1 for all pairs.

Patients and doctors’ preferences are aligned and represented by doctors’ utility functions, which
are linear and decreasing in the cost of the stent for the hospital. This is a discrete choice problem so,

conditional on stent prices, doctors’ choices are unique. This makes the model a “gatekeeper” model,

8The diversion ratio between products ! and k € L\{I} is the fraction of consumers who stop consuming I after an
increase in p; and switch instead to k.
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and reduces the second stage to choosing between finite alternatives.

The marginal cost of producing a stent i is ¢;. Let X;; = [¢;, ;] for all (ij), where r; is the greatest
reimbursement the hospital can get for stent ¢. This admissible contract set guarantees no Nash-in-Nash
equilibria are excluded.

Let the vector of parameters 8 collect suppliers’ marginal costs. With RCNL discrete choice demand
and constant returns to scale, all demand and cost functions are infinitely continuously differentiable
with respect to (x,6). Lemma 8 states that, if reimbursements can be sufficiently high, jointly profitable

contracts always exist. This proves directly that Assumption 2.2 holds in this model.

Lemma 8. There exist vector (7;);ct such that, if (r;)iez is such that r; > 7; for all i, Assumption 2.2
holds in this model.

So far, given the results for discrete choice models in Section 8, we have verified all but one (resp.
two) of the sufficient assumptions for local (resp. global) uniqueness; Assumptions 2.3 and 4 remain
(see Table 3).

Table 3: Verifying Assumptions in Grennan 2013

Assumption

Assumption 1 Given x, doctor’s choice is unique
Assumption 2.1 Assumptions 1 and 5, and Proposition 4
Assumption 2.2 Lemma 8

Assumption 2.3 Application of our algorithm
Assumption 2.4 Xij = [ci, ) for all (ij)
Assumption 3.1 | Assumptions 2 and 7 + Proposition 5, or Proposition 6
Assumption 3.2 Lemma 5

Assumption 5.1 Appendix E
Assumption 5.2 Trivial: second stage is discrete choice
Assumption 6 Appendix E

Assumption 7 Proposition 6

Notes: Assumption 4 cannot be verified directly; see Section 7.2 for how to use our algorithm.

We compute Nash-in-Nash equilibria, and test for violations of Assumption 2.3, using our gradi-
ent descent algorithm on a grid of X with 10?* points. To search for multiple equilibria we do the
computation 100 times using randomly selected starting points. Panel A of Table 4 shows the results.

Several conclusions emerge. First, our algorithm is indeed fast. Despite the grid having 10%* points,
the algorithm takes less than 20 seconds to converge. Second, it always converges to an equilibrium.
Third, because the algorithm always converges to an equilibrium, any failure of Assumption 2.3 does
not lead to nonexistence of equilibrium.

Fourth, because gradient descent eventually computes all equilibria, using the framework of Nehzati

and Cussen (2026) our computations provide strong evidence in favor of the global uniqueness of the
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Nash-in-Nash equilibrium. Panel B of Table 4 shows descriptive statistics of the distribution of computed
prices; it is clear that computed prices are always very close relative to their level.

We also do the test for multiple equilibria from Corollary 4, and do not find evidence of multiple
equilibria. So, although we do not know if the bargaining parameters in this model are sufficiently high

for the results of Lemma 7 to apply, it appears they may be.

Table 4: Computation Results for Grennan’s (2013) Market for Stents

Panel A
11 T12 13 T14 T15 T16 T17 18
4.5407  4.5988 3.3802 3.5349 3.1868 3.4189 3.7342 3.2956
Panel B

Reps.  Mean  St.D. Min 25% 50% 75% Max
100 0.446 12.31 0.144 0.144 0.144 0.144 0.8235

Notes: Panel A shows computed prices in thousands of dollars. The starting point is (r; + ¢;)/2 for each price. Each
X;; C R has 1,000 gridpoints, and the tolerance criterion for convergence is 107°. The first two stents are DES, the
remaining are BMS. Panel B shows the results of restarting the computation at an additional 100, randomly selected
initial price vectors. Each column shows a descriptive statistic of the distribution of Lo norms of the difference between
the original and newly computed equilibria, in dollars. The largest difference is less than $1, < 0.1% of the computed
prices. Learning rate is & = 0.5. The Jacobian determinant of Q(x;b) at the equilibrium is 0.9994. See Appendix D for
details of the model.

9.3 Discontinuous Gains from Trade

We modify Horn and Wolinsky (1988)’s model so that retailers can buy from both suppliers. There
are two suppliers and two retailers. Retailers compete in quantities, selling perfect substitutes with
inverse demand p = a — q1 — ¢2. All firms have constant returns to scale. Suppliers’ marginal costs are
normalized to zero and retailers’ marginal cost is the linear input price. Suppliers sell the same input
and may sell to both retailers. U; only sells to D; if x;; < x_; ;. If 255 = x_; ; we assume that each
supplier satisfies half of D;’s demand.
Let z; be the price at which D; buys inputs. Under the linear inverse demand assumption, the
equilibrium quantity supplied is g; = (a — 2x; + x_;)/3. Therefore, U;’s gains from trade are
5, ruO 2t g g
5. P02t g g

) X x,Xf .. pr— S
v, (i, X—(35)) 0 Tij > Tij V]

which is not continuous in x. This model has a unique equilibrium with x;; = 0 for all (ij). This
equilibrium has the undesirable property that oligopolistic suppliers have zero profits despite their
bargaining power—the Bertrand paradox.

At first, the fact that eliminating the bilateral monopoly assumption results in the Bertrand paradox
looks concerning. As Table 1 shows, however, empirical IO models that employ Nash-in-Nash use

demand systems with differentiated products. In these models, inputs purchased from different suppliers
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to produce differentiated goods are not perfect substitutes. In that case, adding bargaining pairs to the
network will not create discontinuities in firms’ gains from trade. Thus, in standard models the network

of bargaining pairs is quite flexible.

10 Conclusion

We provide conditions for the existence and uniqueness of Nash-in-Nash equilibria, a bargaining equilib-
rium concept often used in applied 10. Existence and uniqueness matter for the estimation of structural
models and comparative statics. To make our results useful for applied work, we prove that a wide
class of models, which use discrete choice demand and constant returns to scale, satisfy our conditions.
Our results apply to various types of contracts, do not assume symmetric firms, and do not depend on
the number of firms, products, or the number of links in the bargaining network. We also provide an
algorithm for the quick computation of Nash-in-Nash equilibria in models with multiple stages.

Or results can be extended to other settings, including longer supply chains, negotiations between
unions and firms (Gonzalez and Poblete, 2024), and tariff negotiations between countries (Bagwell et al.,

2020, 2021). Alternatively, retailers in our model may be large final buyers.!?

90ur conditions, however, are not substitutes for assumptions that are economically appropriate to the setting at hand.
A specification could, for example, could lead to the sum of a firm’s gains from trade across all of its negotiations to add
to more than its on-path profits. Such a property is undesirable and the model requires changes, but does not change the
set of models to which our results apply.
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Appendices

A Main Proofs

Proof of Lemma 1

Strategy of proof. We prove that under A2 the bargaining problem satisfies all the conditions of the
maximum theorem. First we show that (1) N;; is a continuous function of (x,b;;) € X x (0,1), (2)
B;; is a continuous correspondence of (x_(;;), bij) € X_¢;;) % (0,1), and (3) B;; is compact-valued and

nonempty-valued. Then we show that the bargaining solution has all the properties stated in Lemma 1.

Notation. For readability, in the first part of the proof of Lemma 1 x € X_;; stands for x_;;) and
Yy e Xij stands for Xij-

Proof of Lemma 1. Step 1: Continuity of N;;. Continuous differentiability of gains from trade in
x € O C RX (A2.1) implies their continuity in x € X. Continuity of the gains from trade in in x € X

makes continuity in (x,b;;) € X x (0,1) trivial.

Step 2: Continuity of B;;. Claim A.1: PC’gi and PC’gj are upper hemi-continuous (uhc) at every
X_(ij) € X_(ij)- We prove uhc for PC’Z-[f only, since the proof for Png is identical.

By Theorem 3.4 of Stokey and Lucas Jr (1989), since PCZ" is nonempty valued (A2.2: B;; nonempty
valued :PC’g" nonempty valued) then, if the graph of PCgi, graphPCg-i is closed, PC’gi is uhc. Note
that

graphPCgi ={(y,7):x€ X_jyand y € PCYi(z)}. (14)

Using (1) we can rewrite (14) as
graphPC'gi =clx {(y,z) € X : Any,(y,x) > 0}) (15)

where clx is the closure of a set relative to X. The closure is closed, so the graph is closed. The same

proof applies to P(J'gj .

Claim A.2: Byj is uhc. Again, all we need is that graphB;; be closed. The graph of the intersection of
two nonempty-valued correspondences is the intersection of the graphs of those correspondences. That
is

graphB;; = graphPC’gi N graphPng .

gmphPCZi and gmphPCi?j are closed, so their intersection is closed.

Claim A.3. Bjj is an lower hemi-continuous (lhc) correspondence at every x_(;;y € X_(ij-
By definition, B;; is lhe at © € X_(;;) if, for every open subset V' of X;; such that V' N B;;(z) # 0,
there exists ¢ > 0 such that, for all " in the open ball N5(x) C X_;), Bij(2") NV # 0.

We start by noting that, by A2.2, B;j(x) is a set with a non-empty interior. By A24, if y is
in the boundary of X;;, then Amy(y,z) = 0 for some f € {U;, D;}. Therefore, for all x € X_;;),
int;;(Bij(z)) Cint(X;;). (Below we prove that int;; = int.)
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Now, y € int;;(B;j(z)) implies y € mt(PClJ;(x)) for all f € {U;, D;}. Since V is open, there exists y €
VNint;j(Bij(x)). By continuity of each Amy(y, x) in (y,z), these functions are continuous in x € X_ ;).
So, for each f there exists 05 > 0 such that dX_(ij)(ac,x’) < 0y implies dr (Am¢(y,z), Ams(y,2')) is so
small that (1) int(B(z')) # 0, and (2) Ans(y,2’) > 0. But then y € PC’fj(x’) for all 2’ € N, (z), so
PCZ-];(a:)ﬁV # (). Letting § := min{dy;,, dp, } completes the proof of Ihc at x_;; for every x_(;;) € X_ ;).
Therefore, B;; is lhc.

Since Bij; is uhc and lhe at all x_(;;) € X_(;j), it is a continuous correspondence.

Step 3: Bij; is nonempty valued and compact valued. Nonempty-valued follows directly from A2.2.

Compact-valued follows from the definitions (1) (closures are closed sets) and compactness of X in RX.

Step 4: Application of the mazimum theorem. By the maximum theorem, for each x_(;;y € X_ ;)

X;}(X,(U); bz‘j) € arg H}lle {Nij(xgj,x,(ij); bij) : X;j S Bij(x,(ij))} (16)
ij
is nonempty-valued, compact-valued, and uhc in x_(;. By A2.3 x7; is singleton-valued, so it is a

continuous function.

Step 5: Additional properties. Invariance to positive affine transformations of profits is trivial, as they
induce monotone, continuous transformations of the objective function. For Pareto efficiency, if there
is an xgj that is a Pareto improvement on ij, then x;*j is not a global maximizer—a contradiction. For
i) is the same and () # B’ C B;;(x_(;;), the set of

global maximizers of Nyj(-,x_(;;); bij) in B is the same as in Bi;(x_(;))-

independence of irrelevant alternatives: since x_(

If bj; € (0, 1) the bargaining solution must be jointly profitable. To see this, assume it is not jointly prof-
itable. Then, Ny;(x};, X_(i5); bij) = 0, By A2.3 there exists x;; € By;(x_(ij)) such that Ni;(x;;,X_(55); bij) >

*

ij
so the interior of B;j(x_(;;)) relative to X;; is always in the interior of X;; relative to REii . Thus, the

0, so xj; is not the bargaining solution. By A2.4 any x;; in the boundary of X;; is not jointly profitable,

interior of B;j(x_;;)) relative to X;; coincides with the interior of B;j(x_(;;)) relative to REii for all
X_(ij) € X_(ij)- Therefore, if b;; € (0,1) the bargaining solution function maps into the interior of Xj;

(relative to RX). (This proves the claim above and in footnote 5 that int;; = int.) B

A.1 Proof of Corollary 1

The proof of Lemma 1 only uses continuity of the gains from trade in x;;, which is implied by continuous
differentiability. B

Proof of Proposition 1

Given b, by Lemma 1 F'is a continuous function from X into its interior. X is compact and convex, so

by the Brouwer fixed-point theorem it has a fixed point. l

A.2 Proof of Corollary 2

Direct from Corollary 1 and the proof of Proposition 1.
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Proof of Proposition 2

Strategy of proof. We use the Poincaré-Hopf and transversality theorems to show the number of

Gl

fixed points is finite for Lebesgue-almost every b € (0,1) The Poincaré-Hopf theorem (Milnor,

1965; Simsek et al., 2007; Morrow and Skerlos, 2010b) gives the conditions for finiteness. We use the
transversality theorem (Mas-Colell et al., 1995) to show these conditions hold for Lebesgue-almost every
b € (0,1)I¢1.

Preliminaries. Consider function @ : X x (0, 1)|G‘ — RE. @ is a function of x parameterized by b such
that
Q(x;b) =x — F(x,b). (17)

A Nash-in-Nash equilibrium is a solution of Q(x,b)=0. Let E be the set of solutions. To use the

Poincaré-Hopf theorem the following must hold:
1. Q is a continuously differentiable (i.e. C') vector field. This holds by A3 and the definition of Q.
2. The Euler characteristic of X must be 1: x(X) = 1. This holds because X is convex.

3. @ must point outwards at the boundary of X. That is, if x € X, then there exists a sequence
€n 4 0 such that
X+ e,Q(x;b) € X¥n € N. (18)

4. The Jacobian of @ at V is non-singular. That is, for all x € V'

det (I — VxF(x;b)) #0 (19)

The Poincaré-Hopf theorem states that, if the conditions above hold, then

3 sign (det (VxQ(x: b)) = x(X) (20)

xeFE

(see Simsek et al. (2007)). Since x(X) = 1 in our setting, this means that, if all the conditions above
hold, there is a finite, odd number of isolated (and so, locally unique) equilibria. Thus, it remains to
show that (18) and (19) hold for almost every b € (0,1)I¢l.

Step 1. @Q points outwards at the boundary. FIx any b € (0, 1)|G‘. Let ¢ € {1, ..., K} index the dimensions
of X. if x € X, then there exists ¢ such that z. € R (the element of x in the ¢—th dimension) is in
0X.. Because X is convex, one of the following cases must hold.

Case 1: For all z > x., z € X.. Because F maps into int(X), F.(x;b) < z.. Therefore

Te+eQe(x;b) > 2, Ve >0
< e(z.— F.(x;b)) >0 Ve>0.

But the second line holds because € > 0 and z. > F.(x;b) by assumption.
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Case 2: For all z < x., z € X.. Because F maps into int(X), F.(x;b) > z.. Therefore

Te+eQe(x;b) <z Ve >0
< e(z. — F.(x;b)) < 0.

But, again, the second line holds because ¢ > 0 and z. < F.(x;b) by assumption. Therefore Q(-;b)

points outwards at the boundary for every b € (0, 1)|G‘.

Step 2. Jacobian is nonsingular at x € E. We prove this holds for Lebesgue-almost every b € (0, 1)|G| us-
ing the transversality theorem. For clarity, assign to each bargaining pair (ij) a number g € {1, ..., |G|}.

The vector of partial derivatives of the bargaining solution of pair g, x3 with respect to by is Oxj /0by.

Construct the K x |G| matrix Dy, F'(x;b) as follows: in the first column, the first K; rows correspond
to the vector 0x;_;/0bg=1, for (ij) such that g = 1. In the first K;; = K; rows, the remaining |G| — 1
columns correspond to 9x;/dby, g' > 1, ordered by ¢’ € {2,...,|G|}. In the first column, rows K; + 1

to Ky correspond to 0x;_,/0bg—1, and so on.

By A3.2, matrix Dy F'(x;b) is block diagonal with nonzero entries in the diagonal blocks: the blocks

in the diagonal are the vectors 0x;_;/0bg—1, and all other entries are zero.

To finish this step we use the concept of a regular system (Mas-Colell et al., 1995) and the transver-
sality theorem, as stated in Mas-Colell et al. (1995) (theorem M.E.2). The definition of regularity and
the theorem are restated here. For our purposes, let A = int(X) and B = (0, 1)1,

Definition A.1: Regularity. Let A € RX and B C RISl be open sets, and let the system of equations
Q(-;b) be continuously differentiable. We say the system is reqular at b € B if, at any solution x, the

matriz of derivatives with respect to x, DxQ(x;b), is invertible.

Transversality Theorem. Suppose we are given open sets A C RX and B ¢ RIG!, and a continuously
differentiable function Q : A x B — RX. If Q(-;-) is such that the K x (K + |G|) matriz

[DxQ(x,b) | DpQ(x, b)] (21)
KxK Kx|G|

has row rank K whenever Q(x,b) = 0, then the system with K equations and K unknowns is regular

for almost every b in B.

It is clear that we want to prove regularity of Q(-;b). The transversality theorem lets us do that

a1,

for Lebesuge-almost every b € (0,1) By A3.1, the continuous differentiability condition of the

transversality theorem holds. Thus, it remains to prove the invertibility of (21). Because Q(x;b) =

x — F(x;b), we can rewrite (21) as
C = [Ix — DxF(x,b)| — DpF(x,b)]

where I is the K x K identity matrix.
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Case 1: K = |G|. Then K;; =1 for all (ij), so by A3.2 D, F(x,b) is a diagonal matrix with row rank
K. Then C has row rank K and the system is regular.

Case 2: K > |G|. Then, there exists at least one (ij) such that K;; > 1. Assume, by contradiction,
that (21) has row rank smaller than K. Let r € {1,..K} index a linearly dependent row, and let
g be the pair to which the contract term whose derivatives are linearly dependent belongs. By the
description of —DpF(x,b) above, this means that the rows whose linear combination replicate row r
are rows of derivatives of the other contract terms of pair g. Without loss of generality, let g = 1. Then,
the first K;; columns of those K;; rows form a K;; x K;; identity matrix, which has full row rank. This

contradicts r being linearly dependent. Therefore, (21) has full row rank.

Since (21) has full row rank, by the transversality theorem the system is regular for almost every
b € (0,1)¢l, meaning (19) holds for Lebesgue-almost every b € (0,1)I¢l. Then, by the Poincaré-Hopf
theorem, for Lebesgue-almost every b € (0,1)!¢l there is a finite number of (isolated) solutions for
Q(x,b) = 0. x is a Nash-in-Nash equilibrium if, and only if, it is a solution of Q(x,b) = 0, completing
the proof. B

Proof of Proposition 3

Again we use the Poincaré-Hopf theorem. Continuous differentiability, x(X) = 1, and (18) hold by
the same arguments as the proof of Proposition 2. (19) holds by A4 (positive Jacobian determinant at
every Nash-in-Nash equilibrium), so we do not need A3.2 for this proof. Since the Jacobian determinant
is always positive, the index is always 1. So, for (20) to hold, F must be a singleton. Since all the

conditions of the Poincaré-Hopf theorem hold, (20) holds, completing the proof. B

Proof of Lemma 2

The proof has two parts. First, we prove a simple relation between the eigenvalues of DxF and DyQ).

Then we use Gershgorin’s Circle Theorem to prove that the hypothesis of the lemma implies A4.

Step 1: Relation between the eigenvalues of DyxF and Dx(Q. Let A. and u. be the eigenvalues of
Dy F(x;b) and DxQ(x;b), respectively, with ¢ € {1, ..., K} (so these eigenvalues include multiplicity).
I and Dy F(x;b) commute (i.e. IDxF(x;b) = DxF(x;b)I) so, by Schur’s triangularization theorem,

there exists a permutation of eigenvalues such that
e =1—X. Ve (22)

(Horn and Johnson, 2013, Theorem 2.4.8.1, p. 117).

Step 2. Let p denote the spectral radius of a matrix. Since complex eigenvalues come in conjugate
pairs, a sufficient condition for the determinant of DxQ(x;b) to be positive is that no real eigenvalues

are larger than or equal to one. Using (3) and (4), and the upper bound on the spectrum given by
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Gershgorin’s Circle Theorem, we have

p (DxF(x;b)) <

min max Z Z

keK;;:(ij)eG . ..
7EC | (i) 2i9) b kg

al'i’j’k’ al‘z‘jk

max Z Z

9 . < 1’
R (T

8xzjk 8331”]'%’
(Horn and Johnson, 2013, Corollary 6.1.5, p. 390). So, all the real eigenvalues of DxQ(x;b) are positive,

and its determinant is too. W

Lemma A.1

Lemma A.1 shows that stability (the conditions of Lemma 2) is not necessary for global uniqueness. It
does this by showing that global uniqueness can obtain even if the spectral radius of F' is greater than

1, which would violate stability.

Lemma A.1. If any of the following hold, Assumption 4 holds: For every fized point x
1. The spectral radius of DxF(x;b) is smaller than 1.
2. The absolute value of spectral abscissa of DxF (x;b) is smaller than 1.2

3. The number of real eigenvalues of DxF(x;b) that are greater or equal than 1 is even.

Proof of Lemma A.1. Part 1. Follows directly from the proof of Lemma 2.

Part 2. Since complex eigenvalues come in conjugate pairs, a sufficient condition for the determinant
of DxQ(x;b) to be positive is that no real eigenvalues are larger than or equal to one. This is true if

the absolute value of the spectral abscissa is smaller than one.

Part 3. The determinant of a matrix is the product of its eigenvalues. By (22), the determinant of
DxQ(x,b) is positive if an even number (including zero) of eigenvalues is negative. That is true if
an even number of eigenvalues of DxF(x,b) is greater than or equal to one. In practice, the proof of

Proposition 2 shows we can ignore the equality to one. ll

Comment. Part 3 of Lemma A.1 is a necessary and sufficient condition for Assumption 4, but is
generally hard to check without knowledge of F. The conditions in part 1 of Lemma A.1 are the least
general - they imply that parts 2 and 3 hold -, but it is the easiest to check using spectral analysis. The
conditions in part 2 imply that of part 3.

The conditions in Lemma A.1 mean that stability is not necessary because stability, as understood
here (Moulin, 1984), implies all real eigenvalues of the Jacobian are smaller than 1 in absolute value.

As Lemma A.1 shows, this condition is not necessary in the class of models studied in this paper.

20The spectral abscissa of a matrix is the greatest of the real parts of its eigenvalues.
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Proof of Corollary 3

If contracts are efficient then, by the definition given in the introduction, given b € (0,1)I¢! and for
all (ij) € G, the bargaining solution X (x,(ij), b;j) is constant with respect to X_(ij)- Thus there is a
globally unique equilibrium. W

Proof of Corollary 4

A2 and A3.1 hold, so by the proof of Proposition 2 expression (20) holds. However, the nonpositive

determinant condition of Corollary 4 means that (20) can only hold if E is not a singleton. H

Proof of Proposition 4

Strategy of proof. First we prove that retailers’ equilibrium strategies in the second stage are three
times continuously differentiable in contracts. The chain rule finishes the proof. The proof that on-path
strategies are three times continuously differentiable in x is the same as the proof that off-path strategies

are three times continuously differentiable in x_;;), so we only prove the result on-path.

Step 1: Fquilibrium strategies are three times continuously differentiable in contract terms. By A5,
each mp, is at least four times continuously differentiable in p;. By Al and A5.2, each D;’s FOC with

respect to p; holds in the second stage equilibrium p* = (p;f, p: j):
Dpjﬂ-Dj (p}“,p’ijjx) =0 v] eJ

We collect all these FOCs in the second stage equilibrium system, described in the main body of the
paper. By Ab.1, this system is three continuously differentiable in p, and its Jacobian with respect to
p is invertible (A5.2). Therefore, by the implicit function theorem we obtain the matrix of first partial

derivatives of p*(x) with respect to x:

-1
Dyp*(x) = — [Dp[Dp,mp, (05,97l [Dx[Dp,, (05,9715

The existence of the arrays of (continuous) second and third partial derivatives of p*(x) with respect
to x follows from A5.1 and the rules of matrix differentiation applied to the inverse of a matrix. In
particular, if A(z) is a square matrix whose entries are smooth functions of vector x, then

oAt _10A

_ oA
ox =4 OXA

Step 2: Application of the chain rule. Consider pair (ij) and firm f € {U;, D;}. We can write the
on-path profits function as 7 (p*(x),x). A5.1 gives three times continuous differentiability with respect
to x. Repeated application of the chain rule, and existence of the arrays of (continuous) second and

third partial derivatives of p*(x) with respect to x complete the proof. B

33



Proof of Corollary 5

Relaxing A5.1 to three times continuous differentiability, and following the exact same steps as the
proof of Proposition 4 (save for getting the array of third partial derivatives) delivers the proof for twice

continuous differentiability. B

Proof of Lemma 4

We must consider three cases. Case 1 is when a breakdown of negotiations between U; and D; means D;
can no longer sell one or more products in the retail market. Case 2 is when breakdown of negotiations
forces D; to sell at higher costs (e.g., because it must now buy inputs from an inefficient outside option,
or produce in-house). Case 3 is a combination of both.

Let 0 < y < oo be the income (or wealth) of the consumer with the highest income. In models
with mixed logit demand income can vary by consumers; in other models it cannot. The sum of all

consumers’ income/wealth is y. ¥ is an upper bound on total industry revenue.

The set of products retailer D; sells is L;. The set of all products in the retail market is L. The
collection of sets L; forms a partition of L. The market share of product I is s;(p), which we also write
as s;(x) to save notation. Without loss of generality we normalize the size of the market to one, and
assume that a consumer indifferent between a product in L or the outside good chooses the outside

good. A retailer’s marginal cost for [ is mc;.

1. Linear input prices. For each (ij) € G, let X;; = [—y,y]%i. It follows from Lemma 3 that A2.4 is

satisfied. Now we consider the three cases outlined above,

Case 1: Buying from U; lets D; sell more products. Let L;; C L; be the set of products for whose

production D; uses inputs purchased from U;. D;’s gains from trade are

Amp,(x) = Y (pu(x) — mer(xij))si(x) + D2 (pu(x) — mer(x—5))s0(x) (23)

leLij l€L;\Lij
7ATD]-(X)
- Z (pl(xf(ij))_mcl(xf(ij)))sl(xf(ij))
leL;\Ly;

D, (x—(i5))

With linear input prices, ¢;, [ € L;j; is strictly increasing in each x;;,, & = 1,..., K;;. It follows that

for all x_(;;) € X_(;j), there exists at least one x such that ¢, = y for all [ € L;;. Non-negativity of

ij)9
markups means the first summation in (23) becomes zero. Since all products in L;; are priced out of
the market, the second and third summations are equal, and D;’ gains from trade are zero. This means
that U; sells nothing to D;, while all its other sales to other retailers (and the unit prices) are the same

on and off-path. Therefore, U; also has zero gains from trade.

Case 2. Buying from U; lets D; sell the same products at lower cost. Let ¢;;, be the price at which
Dj can buy input £ = 1,..., K;; if negotiations break down. U;’s marginal cost for that product is

Ciji < Cijk- Dj’s gains from trade are
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Amp,(x) = Y (m(x) —ma(xy)si(x)+ Y (ni(x) —me(x_5))si(x) —

leL;; leL;\L;j

*p; (x)

Z (pi(€ij, X_(i5)) — mei(€ij))si(Cijy X_(35)) + Z (pi(€ij, X_(35)) — mer(x_(ij)))s1(X_(ij))
lGLij lGL]’\Lij

7D, (Cig X (i5))

Therefore, setting x;; = ¢;; gives D; zero gains from trade. Since c;jr < ¢ for all & = 1,..., Kjj,

X;; = C;; gives U; nonnegative markups in each input it sells, and non-negative gains from trade.

Case 3: Combination of cases 1 and 2. Combine the proofs above.

2. Two-part tariffs. Set the lump-sum transfer to zero. Then, for the unit prices, use the same proof

as for linear input prices.

3. Revenue sharing. The proof follows the three cases used in linear input prices.

Case 1: Buying from U; lets D; sell more products. An increase in revenue share x;j; increases the
marginal cost of every product input £ is used to produce. Therefore, there exists a contract x;; such
that me; = y for all [ € L;;. Just as for linear input prices, non-negativity of markups completes the

proof of case 1.

Case 2. Buying from U; lets D; sell the same products at lower cost. As in the proof of Lemma 3, for
each k, set ;. such that the revenue transferred to Uj is ¢;;; per unit of input. This makes the contract

equivalent to the outside option for D;, and gives U; positive gains from trade.

Case 3: Combination of cases 1 and 2. Again, combine the proofs above. B

Proof of Proposition 5

By twice continuous differentiability of the gains from trade (A2.1), Nj; is twice continuously differen-
tiable in (x, bj;) if x;; € int(Bjj(x_(;;)))- A2 holds, so by Lemma 1 the bargaining solutions are always
in the interior of X. By A2.2, the bargaining solution is always in the interior of the bargaining set (see
the proof of Lemma 1). Therefore, for all (ij) € G, for all x_(;;) € X_;j), the following FOC holds at
the bargaining solution:

Dxij Nij (X;-kj, X,(ij); bi]‘) =0 (24)
By the implicit function theorem, we can obtain the (continuous) partial derivatives with respect to
(X,(ij), bij) with

-1
* . _ 2 * . 2 * .

Dise_ ) b X5 (%1333 bi3) = = [ D3y Nis35 % i33003) | Doy ) Nis (K5 X iy big)- - (25)

By A7 the Hessian of Nij(-,x,(ij); bij) is always invertible at the bargaining solution, completing the

proof. For the second partial derivatives, we use the chain rule and the rule of matrix differentiation

for inverted matrices. W

35



Proof of Proposition 6

Notation. ¢ € R, is the upper boundary on marginal costs of each traded input. The upper bound
is the same for each input. If a retailer sells the same input to more than one supplier, we count the
input once for each supplier. Vector ¢;; € [0, ¢] Kij  R% is the vector of marginal costs of production
of the inputs that Uj; sells to D;. Vector ¢ € [0, )’ c RX is the vector of supplier marginal costs for all
the inputs traded by all bargaining sets.

Because [0,¢]\(0,¢) has Lebesgue-measure zero in R¥ | if a subset of (0,¢) has Lebesgue-measure
zero in RE then it is also a Lebesgue-measure zero subset of [0,¢]. If a set has Lebesgue measure zero
in R% | then it has Lebesgue-measure zero in RX.

For the functional form of firms’ on and off-path profits we use the notation of Section 9.1, because
it generalizes to all models with discrete choice demand and constant returns to scale.

Pick any (ij) € G and any x_(;;) € X_(;;)- We begin by using the FOC of the bargaining problem.
From the proof of Proposition 5 we know that (24) holds at the bargaining solution. We use the full
expression for Amy,(X_(;;)) in expression (12), since it generalizes to all models with discrete choice

demand and constant returns to scale. For each input h € H; that U; sells to D, define

n(x) = > ajmsi(x). (26)

ZGLj

Then, letting h € K;; we can write U;’s gains from trade as

Ay, (x) = D () (@ —cn)+ Y D g (@ —c) = D D gm(x_ij)(@h — cn)

heH; §'#4:(ij)eG heH; §'#4:(ij)eG heH;
Eﬁ'Ui (%) =7y, (x)
(27)
We can write FOC of the bargaining problem w.r.t. xp, h € K;; as
OATD ., 8. ~
o ain + Sen, or () (@x — ci) + 75, (x)
bij +(1 = big) - - =0 (28)
Aﬂ-Dj (X) ZheHi djh (X> (xh - Ch) + Ty, (X) - T, (X>
0
<

where ;. 5, (x) is shorthand for the partial derivative of 7y, (x) w.r.t. x,. Collecting all g;x(x) in K-
dimensional vector q, all 8qjk(x)/8wh in K;;-dimensional vector dnq, and all (z, — ¢p), h € K;j in
K;j-dimensional vector (x;; — ¢;;) we can rewrite (28) as

bij A

T b E[GT(X — ¢ij) + 7, (x) = 7w, (X)) + g + Onq” (x — cij) + 7y, (%) =0 (29)
ij

with A = 0Anp,/0x, <0 and B = Amp,(x) > 0 (A2.2). This follows the notation of Gowrisankaran
et al. (2015). Separating all the terms multiplied by (x;; —¢;;) and stacking all K;; FOCs we can rewrite

the Jacobian at the bargaining solution as

(Q—FA)(Xij—CZ‘j)—f‘q—i‘A:O
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where K;; x K;; matrices €2 and A come from stacking the vectors in 29 and A is a K;; x 1 column vector
that collects all other terms. From Gowrisankaran et al. (2015) we know that (€ + A) is invertible, so

we get that the bargaining solution is one of the solutions to the following system of nonlinear equations
V,-j(xij, Xf(ij); Cij, bij) = Xjj — Cij + (Q + A)’l(q + A) =0 (30)

Note that, given (x_;;); bij, €ij), we obtain Vj;(-,x_(;;); ¢ij, bij) by multiplying each element of the FOC
of the bargaining problem, (28), by a non-zero real valued function g;;(-,x_(;;); ¢ij, bij). (Here we make
the dependence of functions on c¢;; explicit, leaving dependence on the remaining elements of vector
c implicit.) The diagonal matrix that collects these functions in the diagonal is Gij(‘,x,(ij); Cij, bij).
By Assumption 2.2, the interior bargaining set B;j(Xx_(;;)) is nonempty, so this transformation always
exists (at least locally around x7;(x_ () €ij, bij)). That is

Vi (Xij» X_(ij); €ij> big) = Gij (g, X_ (353 €ij, big) Dy Nij (Xi5, X 35 €35 i )- (31)

We want the bargaining solution (one of the solutions of (30)) to be continuously differentiable. As
in the proof of Proposition 4, we can use the implicit function theorem if the system is regular at the
bargaining solution, so proving regularity completes that part of the proof. However, Q, A, g, and
A are nonlinear functions of x;; (given X_(ij), ¢, and bij), so proving that the Jacobian determinant
(i.e., determinant of the Jacobian) of (30) is nonzero is in general not feasible. Therefore, we use the

transversality theorem again. We first want to prove that
[Dx;; Vig (X35, X—(3); €ij» big) | De;; Vig (X35 X (3); €ig» big )] (32)

has full row rank. But it is trivial from (30) that De,; Vi;(x7;; €ij, X_(i5)) = —Ik,; for all (e, x_(;;),b) €
(0,¢)x X_(55)x(0,1) IG1, so we have full row rank. Therefore, by the transversality theorem, for Lebesgue-
almost every ¢;; € (0,¢)%% (and so, for Lebesgue-almost every ¢ € (0,2)%), Vi;(-,x_(;j): ¢ij, bij) is a
regular system in Bj;(x_;;)) x (0, c)fii,

To map regularity of Vi;(-,X_(j); €ij, bij) into regularity of Dy, Nij(Xij,X_(5); Cij, bij), note that by

the product rule we have

Dy, Vi (X5, X_(i5); €ij> bij) =Dx,;Gij(Xij, X_(ij); €ij» bi) Dxij Nijij (X35, X_(5); Cij» bij)

=0
+ Gij(X55, X_(i5); Cij bij)D)Q(ijxij Nij(Xij, X_(i5); Cij» bij)
Therefore
det (Dxi]- Vi (X355 X_(i5); Cig bij)) =det (Gij (X775 X_(ij)} Cij bz’j>D;2<ijxij Nij(Xij, X_(35); Cijs bz’j))
=det (Gm (X:j, X_(ij); Cij> sz)>
- det (D2 xijNij (Xija X_(i5)} Cij> b”> .

Xij

Since G,-j(x;kj, X_ (i)} C b;j) is diagonal with non-zero elements in its diagonal, it has non-zero determi-
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nant. So, given x_;;y € X_(;;), for Lebesgue-almost every c € (0, o)k,

ij)9

iy Nig (Xijy X (i3 €3 big)

Gij (X755 X_(i5); € bij) D

is invertible, and the bargaining solution is continuously differentiable w.r.t. (x_(;;,bi;) at that x_;),
with b;; € (0,1). This is true for all (ij). Now we must extend the result for all x_;;) € X_(;; for each
(i), because the infinite union of Lebesgue-measure zero sets may not be a set of Lebesgue-measure
zZero.

Fix (ij) € G. Let €;(x_(;;)) C (0,6)" be the subset of Lebesgue-measure zero where continuous
differentiability is not ensured by the application of transversality and implicit function theorems.
Fix x_(;;) and pick any ¢ € (O,E)K\éij(x_(ij)). By continuity of the bargaining solution, picking
X_(i5) € X_(ij), for all € > 0 there exists d(x_(;j),¢) > 0 such that HX/_(Z-j) —x_gpll < 6(x_¢j),€)
then ]\xfj(xl(ij); ¢, bij) —x7;(X_(ij); € bij)|| < e. By continuity of the function that maps the entries of a
matrix into its determinant, and because Ny;(+; b;;) is twice continuously differentiable in int(B;;(x_)))
(A2.1), there exists (x_;;)) > 0 sufficiently small that for all x such that for all x’ (@) € RE-65) such
that [|x_ ;1 — x_pll < d(x_(;5),€),

det (Di”x” Nij (X;'kj (Xl(ij); Cij, bij)a Xl,(m Cij, z]) # 0.

Note that the open sets Nb(x_(;;,e(X_(5)), 0(X—(5),€)) form an open cover of X_ ;). Since X_;; is
compact, there exists a finite subopen cover, defined by u = 1, ..., U < oo and the sets Nb(xﬁ(ij) , E(XE(ij)), 5(xqj(m ,E)).

For each u the set €;;(x_(;;)) has Lebesgue-measure zero, so

U
U Nb(x i), (i) 0 (x5, €))
u=1
has Lebesgue-measure zero. So, for each (ij) € G the subset of (0,¢)% C R (and therefore of [0, ¢
RE ) such that the bargaining solution is not continuously differentiable (and, also, such that Assumption
7 does not hold) has Lebesgue-measure zero. Taking the union of these sets over all (ij) € G yields a
set of Lebesgue-measure zero too, because G is finite.
Since A7 holds, if A1 and 5 hold as well, we get twice continuous differentiability of the bargaining
solution using the chain rule and the rule for the differentiation of matrix inverses, as in the proof of

Proposition 5. B

Proof of Lemma 5

Pick any (ij) € G. By A2 Lemma 1 holds, and the bargaining solution is interior (A2.3) and the
following FOC holds:

8A7TD]. (X) 1 8A7TUZ. (X) 1

bij &Ti]‘ Aﬂ'Dj (X) + (1 B bij) 8xij Aﬂ'Ui (X)

= 0. (33)

By A2.2 both denominators are positive at the bargaining solution and, by assumption of Lemma 5,

one of the partial derivatives is strictly increasing or decreasing. WLOG, let dA7p, (x)/0x;; < 0, so
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O0Amy,(x)/0z;; > 0. Any increase in b;; that is not compensated by a change in x;; will make the
left-hand side of (33) negative. Therefore, z;; must have non-zero derivative with respect to b;;. The
same result holds if 9A7p, (x)/dz;; > 0, exhausting all cases. W

Proof of Lemma 6

Notation. Assumption 2 holds, so there exists at least one Nash-in-Nash equilibrium. Around each
equilibrium, G;; and V;;, as defined in the proof of Proposition 6, are well defined. The diagonal
K x K matrix G stacks all the G;j in its diagonal, and V' stacks all the vector-valued V;;, around each
equilibrium. We only consider values of ¢ € (0,¢)* such that the bargaining solution functions are
continuously differentiable w.r.t x_ ;).
Strategy of proof. Again, we use the Poincaré-Hopf theorem.

Define Q : X x (0,2)%K — RX, a function of x parameterized by c, as

Qx;c) =x— F(x;¢)

where we make the dependence on ¢ explicit and leave dependence on b implicit. The proof that
@ points outwards at the boundary of X in the proof of Proposition 2 does not depend on ¢, so it
applies here to @ It remains to prove that DXQ(X*; c) is invertible at each Nash-in-Nash equilibrium
x* € int(X), given c.

Pick any ¢ any equilibrium x* yielded by such ¢. From the proof of Proposition 6 we know that there
exists an open subsets of X and (0,¢)%, X and C, with (x*,c) € X x C, such that for all (x,¢) € X xC,

is continuously differentiable w.r.t. (x,c). Note that

DxQ(x;¢) = I — DxG™!(x;¢) V(x;¢) —G 7! (x;¢) DV (x; )

=0

We use the transversality theorem. We want to prove that
[I — G7Y(x;¢) Dy V (x;¢)|G7 1 (x; ¢) DV (x; ¢)]

has full row rank. But D,V (x;¢) = Ix and G~'(x;¢) is square and invertible, so the full row rank
condition holds. So, by the transversality theorem Dx@(x*; c) is invertible for Lebesgue-almost every
ceC.

The set of fixed points of F', E, is closed and, because it is a subset of X, F is bounded. So, it is
compact. If the set of fixed points of F' is finite, the proof is complete. Assume it is infinite. The union
of open sets X defined for each equilibrium above is an open cover of E. By compactness, there exists a
finite subopen cover, defined by indices t = 1,...,T < oo and X*t. Each t has a corresponding C*. Note
that

T ~
c=[(C"
t=1

is a finite intersection of open, nonempty sets, so C is open, nonempty, and contains c¢. Let ¢ the set of

vectors ¢ € C such that, given xi(i i) Dx@(x,(ij), c) is not invertible. That set has Lebesgue-measure
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zero. Taking the union of such sets over ¢, we get a Lebesgue-measure zero set.

Thus, for Lebesgue-almost every element of C, the invertibility condition necessary to apply the
Poincaré-Hopf theorem holds. So, for each ¢ € (0,¢)X, there exists an open subset C C (0,¢)% such
that, for Lebesgue almost every ¢ € C, if ¢ is the vector of suppliers’ marginal costs, the model has a

finite number of locally unique Nash-in-Nash equilibria. Bl

Proof of Lemma 7

Pick any (ij) € G. Because K;; = 1, we reduce clutter by writing x as « and letting the U;’s marginal
cost be ¢ > 0. Using the definition of ¢ from the proof of Proposition 6, we can write Amy, (2, X_(;;)) =
(r — c)q(w, x_(i5)), with
q(z,x_(;5)) = Z anyjsi(x) >0
leL,

where the inequality holds because market shares are strictly positive in mixed logit (as long as there
are consumers with remaining income).

With b;; = 1 for all (ij), because Amp, (-, x_
c for all x_;;) € X_

ij)) is strictly decreasing in x, we get that x*(x_;;); 1) =
i) for all (ij), yielding a unique Nash-in-Nash equilibrium. For b;; € (0,1), by
Lemma 1 the bargaining solution is interior and both firms have positive gains from trade. Taking the

)l—b

FOC of the bargaining problem in levels, and multiplying it by mp,(z,x_(;;))" "7y, (x,x,(ij))bij we

get an equivalent, nonsingularly-rescaled expression

aﬂ'Ui (ZC, X—(ij))
Ox

87TU1' (LU, X_(U))

o =0 (34)

R(x,x_ (55 bij) = bijmu, (2, X_(55)) + (1 = bij)mp, (z,X_(ij))
Note that R(c,x_(;;);1) = 0 is well defined. By A2.1 R is continuously differentiable w.r.t. (x,b;;).
Taking the derivative w.r.t. = we get
87TUi(l',X_(ij)) aﬂD.(l‘,X_(Z‘j))
Ry(e,x_(i5);1) = o : : 5 <0

>0 <0

because A7y, (c,Xx_(;;)) = 0. Following the proof of Proposition 6, because 7p, (z, x_(ij))l_bij v, (T, X_(ij))biﬂ' >
0 (A2.2), the second derivative of the Nash product w.r.t. x is negative too. Using the implicit function
theorem and (25) we get that, for each (x_(;),bi;) € X_(;;) % (0,1] in an open neighborhood around
(x_(ij), b = 1) there is a unique, continuously differentiable bargaining solution. These neighborhoods

generate an open cover of X_ ;5. X_;; is compact and b = 1 is fixed, so there exists a finite subopen

ij
cover. On a common neighborhood of t)hat set, |R;| must be bounded away from zero.

By the application of the maximum theorem in the proof of Lemma 1, and because c¢ is the unique
bargaining solution if b;; = 1, we get that z*(x_;); bi;) is continuous on X_;;) x (0,1]. Let b € (0, 1).
Then, by the Heine-Cantor theorem x*(x_;;); bi;) is uniformly continuous on X_;;) x [b, 1]. Therefore,
by the uniform convergence lemma in Cussen (2026), x*(x_(;;); bij) converges uniformly to z*(x_(;;); 1)
as bj; T 1.

Since the bargaining solution is unique (A2, Lemma 1), as b;; T 1 the bargaining solution matches
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that yielded by using the implicit function theorem around b;; = 1. Because

R(w,x_(;5); bij) = DuNij(z,X_(35); bij) - 7D, (QS,X—(z‘j))l_b“WUi (JS,X—(z‘j))b“

by the product rule we have that, around the bargaining solution,

Dx_ iy B, X353 bi) = D?&Xf(ij)Nij(x’ X_ (353 bi )7, (2, X—(ij))l_bij v, (@, X—(ij))bij

But Dxi(ij)Ain(c, X_(i5), bij) = 0 for all x_;;) € X, so D? Nij(e,x_(35); bij )0 for all x_

2 X_(i7) ) € X.
Using (25) we have

ij
D%7x7<ij_) Nij (z, X—(ij) bij)

D2 . Nij(x,x_¢ij); bij)

Dx_ap @™ (X ()3 big) = —

where the denominator is nonzero. Again, because X_ ;) X [b, 1]|G| is compact, by the uniform conver-

gence lemma from Cussen (2026) we have that
||Dx7(ij)x*(x_(ij), blj)H —0 as bij T 1 (35)

for all (ij) € G. Because there are finitely many bargaining pairs, (35) implies there exists € € (0, 1) such
that if b € (1 — ¢, 1)'0‘, every row sum of the absolute values of the off-diagonal entries of Dy F'(x;b;;)
is smaller than one. Then the conditions of Lemma 2 hold, Assumption 4 holds and, because A2 and
A3.1 hold, by Proposition 3 the Nash in Nash equilibrium is globally unique. Finally, (1 — ¢, 1)/ has

positive Lebesgue-measure. B

Proof of Lemma 8

Consider a transformation of the bargaining problem. Assume D; is a monopolist with RCNL demand
that faces income constraint r; for each product ¢ it sells. Given the prices x; of the 7 remaining stents,

it must pick a price x; greater than its marginal cost ¢; > 0. Its objective function is

7T(x) = si(x)(z; — ¢;) + Z sp(x)(rn —xn) st @ € [, il

h#i
The first partial derivative w.r.t. x; is
) (i — ) g+ 3 S — ) (36)

i 4

The price coefficient is constant and the nesting structure is simple (see Appendix D and the Online
Appendix of Grennan (2013) cited there), so we can use the proofs of the derivatives of firm profits
under random coefficients from Morrow and Skerlos (2010a). Ignoring the constraint r; > x; for now,
Corollary 2.18 of Morrow and Skerlos (2010a) states that, for all x_(;;) € X_;j), there exists a finite z,
independent of (1, 7:)per\ (i) Such that if z; > T, then (36) is negative. (Given that price sensitivity
is not a random coefficient, for a proof that the conditions of Corollary 2.18 hold see Cussen (2026).)

Define 7; as such & for each (7j).
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It is clear that 7(r;,x_;;)) = Tp,(X_(i;))- So if 07 /0z; < 0 for z; < r; in a neighborhood of r;, it
must be that for such x; 7(ri,X_(;)) > 7p,;(X_(;5))- But for such z; it holds that

0+ 7p, (X_(ij)) = Tu;(X_(i5)) + 7D, (X_(5))
(rla X_(i5) )
(T4, X_(35))

(x)(x; —¢) + Z sp(x)(rn — xp)
hti

< Amy, (4, % (w Z sp(x)(ry — xn) + Si(xijax—(zj))(ri — ;)
h#i

= Aﬂ'Ui ({L'Z', Xf(ij)) + Aﬂ'Dj ({L'Z', Xf(ij))

So, min{Any, (74, %X_(;5)), ATp, (7, X_(;5))} > 0, the bargaining set is nonempty, and A2.2 holds for all
(i) for all x_(;j) € X_(;) if all ; are sufficiently high. B
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B Gradient Descent Details

The code is written in Python, and we use JAX to compute derivatives. Our Python package contains
the code details.?!

B.1 Nash Product Computation

By Assumption 1 there exist functions p;(x) that map first stage contracts into second stage strategies,
such that a pair’s Nash product is Nj;(x,p(x);bi;). By Assumptions 1 and 5 these functions are
twice continuously differentiable. We do not assume these functions admit closed form representation.
Instead, we assume first-order oracle access: both the values of p;j(x) and N;;(x, p(x);b;;) and their
gradients can be computed using, for example, automatic differentiation via JAX or PyTorch. This is

a standard assumption.

B.2 Bargaining Solution Computation

To compute each dimension of Ej we need to solve an optimization problem over X;;. At any candidate

equilibrium x;, we maximize N;;(x;;,X;b;;) by fixing X_(ij) and searching a grid representation of Xj;.

if)
This approach is slow if dim(X;;) = Kj; is high. In typical applications, however, K;; is small enough
to not be a problem.??

To compute N;;, we use its N representation. This is decomposed in two steps: (1) finding the

equilibrium given x;;, and (2) computing Nj;.

B.3 Equilibrium Computation

For logit, nested logit, mixed logit, and RCNL, this can be done quickly using the algorithm developed
by Morrow and Skerlos (2011), implemented in pyBLP (Conlon and Gortmaker, 2020). For CES in
monopolistic competition, one can use the constant markup property. In our package we compute
Grennan (2013)’s equilibrium payoffs directly. Marginal cost functions used in empirical work (see (11))

are straightforward to compute and differentiate.

B.4 Gradient Computation

The key step is computing the Jacobian of M. Consider dFy;/ O0xyji. If (mn) = (ij) we have

OF;;

=0
8xmnk

21See code details at https://github.com/MoeenNehzati/nash_in_nash_GD. The total computation time is around 15
minutes in a laptop computer with 32 GB of RAM (5 GB used). CPU: 13th Gen Intel Core i7-1365U, 10 cores / 12
threads, 2 hardware threads per core, up to 5.2 GHz (lscpu).

22Gee the papers cited in footnote 16. The paper with the largest K;; we are able to find is Crawford and Yurukoglu
(2012), where K;; > 6 is possible. For other papers cited in Table 1, K;; > 1 but small seems to be the norm. If the
dimensions of the problem grow too large, it may be possible to rewrite a single bargaining problem as separate problems
(say, because products are sold by separate divisions of a firm). This is similar to the approach in Grennan (2013) and,
by reducing the dimensionality of each bargaining problem, can considerably speed up computation.
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because ]:}j depends only on x_;;). For (mn) # (ij), by the implicit function theorem (which by

Proposition 5 we can use under Assumptions 2 and 7) we have, in matrix notation

OF;;

OXmn

(%) = [D3,; s, Vi (%> X573 0i)] T D3 s Vi (Xigs X353 big)] (37)
By the chain rule we have, for all (mn) € G, for all k € K,

dNij ONy

dxmnk (X;‘kja X_(i5)> p(X), ij) = 8xmnk (X;'kjv X_(i5)> p(X)7 sz)
R
8M * apT (X)
+> 8p: (X755 X_(i5), P(X); bij) - I (38)

r=1

where R =3, dim(P;), and summing across r € {1,..., R} sums across all the elements of the strategy
vectors of all retailers. A second application of the chain and product rules yield the second partial

derivatives we need to construct (37).

B.5 Speed

The speed of computation of Njj(x,s(x);b;;) and the bargaining solution depends on the speed with
which we can compute the second stage equilibrium. As mentioned above, researchers can use Morrow
and Skerlos (2011)’s algorithm for discrete choice models. This algorithm is exceptionally fast and
accurate.??

Speed of computation of the gradient depends on how quickly one can differentiate. Our replica-
tion package shows in detail how to do this using automatic differentiation and Adam. The package
implements our equilibrium computation for Grennan (2013)’s market for stents, but is designed to be
adapted to other settings.

The speed of computation of }Nf}j grows exponentially with max;;)eq Kij. This improves over full
grid search for X, which grows exponentially with K. This means that, holding the number of gridpoints
per dimension constant, the computation cost using gradient descent can grow linearly in the number

of bargaining pairs and of contract terms.

2To make verification of A.2.3 easy, we also care about how fast one can code our algorithm. See Lee et al. (2021)
and Gandhi and Nevo (2021) (Section 5.4) to see how our algorithm can recycle code used for estimation. Essentially,
estimation of supplier marginal in bargaining models involves using GMM with the bargaining FOC as moments. So, if
researchers use that estimation strategy expressions and code for that FOC will already exist.
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C Full Grid Search Example

Let I = J =2, G =17 x J. Each retailer is an intermediary and sells two products, buying one from
each supplier. So, K = 4, K;; = 1 for all (ij) and we can set the lower bound of each Xj;; to zero
without loss. We impose a maximum ¢;; > 0 in each dimension. With finite resources this is without
loss. It can also be interpreted as the cost for retailers of buying an input from an alternative, inefficient
seller (Hristakeva, 2022), or producing in-house. So, X;; = [0, ¢;;].

Suppliers’ costs are normalized to zero, and retailers’ costs are linear in input prices and quantities.

The demand system is mixed logit with population normalized to one. On and off-path profits are

#p, (@i X)) = Y (pij — xi5) - 5i;(P)
=12

A

wp, (x_ (i) = (pij — €ij) - 5ij(P°T) + (p—ij — z—ij) - s—i5(P°F)

U, (Xij, X_(ij)) = Y Tij - $i5(P)
j=1,2

U, (x_ig) = @imj - 5i—(P°T).
where p°f is the equilibrium price in the off-path case where bargaining for pair (ij) breaks down, and
si; is the market share of the product D; buys from U;.

Figure 1 shows a representative plot of the Nash product function for pair (11) given some x_;;). The
single-peakedness within the grid (indeed, the hump-shape we see in simple Nash product functions) is
evident, and we verify it for each (ij) for each x_;;) in the grid. Alternative cost functions, distributions

of price sensitivities, and grids, do not affect the result.

Nash Product of (1, 1)

0.007 1|—e— Nash product of (1, 1)

0.006

0.005

0.004

0.003

Nash Product

0.002

0.001

0.000

Figure 1: Representative N11(zij,X_(11); b11) with 7,890,481 gridpoints.
The code can be downloaded at https://github.com/diegocussen/bargaining-equilibrium-exist.

Computation of the largest model (7,890,481 gridpoints) takes approximately six hours in a MacBook
Air with 8 GB of RAM and an Apple M2 chip.
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D Computational Exercise Details

In this appendix we use Grennan (2013) and its Online Appendix.?* Let j be the hospital, i the stent.
There is a single hospital, so we save in notation by dropping the j when convenient. Since there is the
most data for September of 2005 (Tables 1 and 5 of that paper), we will use that month as our reference.
There are 6 BM S and 2 DES stents in that month, so |G| = 8. For each stent ¢, mean utilities are

51(1‘2) =0; — pri + &, o = 0.

Each doctor-patient pair is loyal to one stent i, reflecting the doctor’s belief that a specific stent
is particularly well suited to a specific patient. There are as many loyalty types L as stents: L = I.
Following the Appendix, we set the probability of a patient being loyal to a specific stent i, ¢;, as the
market share of that stent, conditional on getting a stent. We do not have empirical market shares, so
we roughly back them out from Figure 1, panel A for BM S and DES. Within each type of stent, we
divide the share equally. These numbers are, roughly, 5000/5500 = 0.9091 for BM S and 1 — 0.9091 for
DES. We get

;) 0.9091/6 if [ is bms
(1-0.9091)/2 iflis des.

As the Appendix points out, if A = 0 or A >> 0, then the distribution (i.e., the ¢') matters little. This
is the case here, so our assumptions on ¢ are not critical.

We construct market share functions using the nested logit equations in the Appendix. To parame-
terize them, we use the estimated parameter values reported in Grennan (2013) and its Appendix. The
data are proprietary, so as to not replicate prices, the 6; are not reported. Instead, we draw the 6; iid
from a uniform distribution.

We use average estimated marginal costs reported in the paper as our measure of supplier marginal
cost. We do not draw from a distribution because it is right-skewed with unknown skewness and a
non-negativity constraint. So, marginal costs are ¢; = 34 for BM S and ¢; = 1,103 for DES.

It remains to provide a measure of revenue per angioplasty. Revenue is independent of cost, but
markup is not. To construct the revenue, consider the revenue the hospital gets from a stent procedure
for patient n. Grennan (2013) presents evidence that r, depends on n’s insurance (or being part of
Medicare), but not on the type of stent (beyond whether it is BM.S or DES). Using invariance to
positive affine transformations (Lemma 1), we assume there is a continuum of mass one of patients and

write D;’s on path profits as

7ip;(x) = Z (/nEAi rpdn — xl> si(x)

i:(ij)EG

where n € A; means that stent 7 is chosen for patient n. So, the first term of the integral yields
average revenue. In line with the error structure of the model, we assume the best stent for a patient is
orthogonal to the revenue they bring (equation 4. p. 156). Since all we need is average revenue, all we

need is Medicare revenue (provided by Grennan (2013)), the fraction of patients who are in Medicare,

240nline appendix for that paper can be found at https://www.aeaweb.org/articles?id=10.1257/aer.103.1.145.
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and the average markup private insurance firms offer as reimbursement over Medicare. From various

sources we get the following:

e Medicare revenue for BMS:

o = 812 + 10, 422
. v ——
reimbursement for doctor  reimbursement for hospital

¢ Medicare revenue for DES:

ryp = 812 4 11,814

reimbursement for hospital

e Fraction of US population in Medicare. We use September 2005 because we have the most numbers
for that year/month in the paper. US population in 2005: 295,516,599.2°> Number of Americans
in Medicare in 2005: 42.6 million.?6 So, fraction of US population in Medicare = 14.41%.

o Average markup of private insurance over Medicare. We did not find numbers from 2005, so we
use the Congressional Budget Office’s (CBO) 2018 report, plus numbers from Grennan (2013), to

get an average markup of approximately 46%.

We get

_ / 15,656.98 if ¢ is bms
T, = rpdn =
neA; 17,597.03 if 7 is des

For this computation, we have r?™% = (812 + 10,422) - (0.1441 + 1.46[1 — 0.1441]) and rde = (812 +

n n

11,814) - (0.1441 + 1.46[1 — 0.1441]).

*https://wuw.macrotrends.net/global-metrics/countries/usa/united-states/population. Last accessed on Oc-
tober 4, 2025.

26US Department of Health and Human Services, 2007 CMS Statistics. Retrieved at https://www.google.com/
url?sa=t&source=web&rct=j&opi=89978449&url=https://wuw.cms.gov/Research-Statistics-Data-and-Systems/
Statistics-Trends-and-Reports/CMS-Statistics-Reference-Booklet/Downloads/2007CMSStatistics.pdf&ved=
2ahUKEwjs1JHmpZCQAxWeMVkFHavLHAQQFnoECBgQAQ&usg=A0vVawOx5m-U4f _MpYyDJ_XODk8I. Last accessed on October 6,
2025.
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E Continuous Differentiability with Discrete Choice Demand

By discrete choice demand we mean logit, nested logit, mixed logit or RCNL. Rewriting (10) and (12)

we have

TD; (pjv P—j: X%, 0) = Z (pl - mCl(X), O)Sl(pv 0)
lGLj

(P x) = > > > ammsi(p; 0)(zn — cn(6))).
§:(ij)€G IEL; he H;
Let 6 contain suppliers’ marginal costs ¢y, the parameters v, w, and v in retailers’ marginal cost functions
(11), and parameters in consumers’ mean utilities (considering linear utilities). These parameters are
sufficient to achieve the proper parameterization required in Appendix F.

Because market shares are continuous in prices, and using either the identity or log version of (11),
all profit functions are infinitely continuously differentiable w.r.t. all ¢p, v, w, and v. Market shares
are infinitely continuously differentiable w.r.t the parameters in mean utilities (Iaria and Wang, 2019;
Conlon and Gortmaker, 2020). Profits are continuous functions of market shares, yielding continuous
differentiability of profits.

For linear input prices and two-part tariffs the same argument that shows infinite continuous differ-
entiability of profits w.r.t. <, w, and v proves infinite continuous differentiability w.r.t. x.

Finally, regarding p, the proof of nth-order continuous differentiability of profits w.r.t. all prices
under mixed logit with linear demand in Cussen (2026) is directly established for logit in that paper

too, and applies to nested logit as well.

48



F Equivalent Bargaining-Set Formulations

Throughout, fix a bargaining pair (ij) and x_(;;y € X_(;;). The argument has three parts. First, we

i
provide an abstract condition, stated in terms of) the bargaining pair’s gains from trade, under which
the three bargaining set formulations coincide for almost every primitive parameter. This condition is
potentially applicable across a broad range of contracting environments because it is stated solely in
terms of the bargaining pair’s gains from trade.

This generality, however, leaves open whether the condition is satisfied in any particular model; that
must be verified from the model’s primitives. Second, we perform this verification in a logit model using
relationship-local, product-level demand or cost shifters together with a supplier-cost shifter. Third, we
use parameter values at which mixed logit reduces to logit. Under reasonable regularity conditions, we
show that the rank condition extends locally around any compatible logit anchor.

Note that our proofs are conditional on x_(;;) € X_(;;). To see how they extend to all X_; (for
all (ij) € G), let S(x_(;;)) be the subset of © such that the bargaining set may have empty interior
if@ e S (x_(ij)). Because the bargaining set correspondence is continuous in x_ ;) (proof of Lemma
1), for all x_(;;) € X_5) if int(Bij(x_(;5);0)) # 0, then there exists a ball in RE-G) of radius Ex_(ij)»
denoted b(x_(;5),€x_;,) such that, for all xL(ij) € b(X_(ij):Ex_(ij))» int(Bij(xL(ij);G)) # (). Thus, for
each x_;;), the subset of © such that, for any xL(ij) € b(X_(ij):Ex_(ij))» int(Bij(xL(ij);O)) may be
empty, is a subset of S (x_(ij)), and thus has Lebesgue measure zero.

X_(ij) is compact and the b(x_(ij),ex_(ij)) form an open cover of it, so there exists a finite subopen
cover, indexed by u = 1,...,U < o0, and composed of b(x" ,y,ex ;). Then, if int(Bij(xL(ij); 0)) =0,
it must be that .

0cS= U S(XE(U))
u=1
which is a finite union of Lebesgue-measure zero sets. So, S has Lebesgue-measure zero. This is true
for all (ij). Therefore, if our conditions stated below hold, the set of parameters such that Assumption

2.2 does not hold in a model has Lebesgue-measure zero.

F.1 Three bargaining-set formulations and abstract equivalence

Let G be the contracting graph containing (ij), and write G_;;y := G'\ {(ij)}. The two relevant graphs
are G and G_;;).

directed gains from adding (ij) are

Fix the contracts x_(;;) on all other relationships. In the paper’s notation, the

if)

A?TDJ. (Xij, X,(ij); 9) = 7A1'Dj (X, 0) — 7_7Dj (X,(ij), 0), ATrUi (Xij, Xf(ij); 0) = 7ATUZ. (X, 0) — ﬁ'Ul. (X,(ij), 9)
Maintain the paper’s contract space X;; C R%i . For the transversality argument, suppose in addition
that

Xij = {Xij : gm(x45) >0, m = 1,..., My},

where M;; € N, each g, is defined and C*Xii on a neighborhood of Xij, and the gradients of the binding
constraints are linearly independent at every point of X;; (LICQ). This condition holds if Xj; is a box

in R%% which is the case for all the contract types in Lemma 3, among others. Let ©° C int© be
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open, and assume that the gains are C%4 on a common open neighborhood of X;; x ©°. For the fixed

conditioning profile x_;;), define the stacked gain map

if)

Aﬂ-ij,x,(ij) : Xij x 0° — R2, Aﬂ-ij,x,(ij) (Xija 0) = (Aﬂ'Dj (Xij, X_( 0), ATFUi (Xija X_(i5)5 0))

i)
We retain the notation A, i) when specializing the parameter domain below. Define

Bilj(X_(ij); 0) = Clij{xij : Aﬂ'Dj (Xijvx—(ij); 9) > O, A?TUi (Xij7x—(ij); 0) > 0},
B%(X_(ij); 9) = Cl,'j{XZ'j : Aﬂpj (Xz’j,x—(ij)§ 9) > 0} N Clij{XZ‘j : AWUi (Xijax—(z’j)§ 0) > 0},
B%(X,(ij); 9) = {Xij c Xij : AT('D]. (Xij,X,(ij); 9) 2 0, AWU,L- (Xij,X,(ij); 9) Z O}.

Thus B,L»lj is the joint-strict-closure formulation, ij (X_(i);0) = Bij(x_(ij);0) is the paper’s separate-

ij)s

closure formulation from (1), and Bf’j (X_();0) = ij is the weak-gain formulation introduced in the

i)
main text. Continuity always gives
BJi(x_(i); 0) € B};(x_(i;); 0)  B};(x_(i;); 0)-

These inclusions can be strict even in the one-dimensional case X;; = [—1,1]. If Am;;x_ . (z) = (z,—2),
then B}, = @ while B}, = B}, = {0}. If Amijx_ (@) = (=2?,1), then B}, = B}; = @ while B}; = {0}.
Thus the only issue is whether every weakly profitable boundary point can be approximated by contracts

at which both gains are strictly positive.

Definition F.1 (Proper parameterization). The gain family is properly parameterized for the fixed

pair and conditioning profile ((ij),x_;)) if
DoAmijx_ . (xij,0) : R4MO) _ R? s onto for every (x;;,0) € Xy x ©°. (PR)

Thus parameter variation alone gives the pair of directed gains full rank.
We next connect this submersion condition to the transversality used in the proof. Let &;; be the

finite collection of exact active-set strata of X;;: for every realized active set A C {1,..., M;;}, let
SA = {Xl‘j S Xij : gm(xij) =0 < mEe A}, Sij = {SA : SA 7& @}.

Every x;; € X;; lies in a unique S € S;;, and LICQ makes each S a smooth manifold; write 7} Xz.jS for its
tangent space at x;;. Restricting the contract domain to S removes only contract directions and leaves
all parameter directions available. Hence (PR) implies that the restrictions of Ar;y (5 and both of

its components to S x ©° remain submersions. In particular,

M {(0,0)}.

A?TDJ. o M {O}, AT(U«L‘SX@" M {0}, Aﬂ'ij,x,(ij)

SxO Sxe°

Here M denotes transversality to the indicated zero set. Parametric transversality will transfer these

properties to their contract sections for almost every fixed 6.
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Lemma F.1 (Deterministic equivalence). Fix 6. Suppose that, for every S € S;;,
A, (x5 0)| M {0}, Amu(oxi 0)| M {0}, Amga ) (0| M {(0,0)}.

Then
Bjj(x—(j);0) = Bjj(x_(ij); 0) = B;(x_(i;); 0).

Proof. It is enough to prove ng(x,(ij); 0) C Bilj(x,(ij); 0). Fix x;; € Bf’j(x,(ij); 0), and let S € S;; be
the unique stratum containing x;;. If both gains are positive, there is nothing to prove.

If one gain is zero and the other is positive, transversality of the zero gain on S gives a direction
d € Tx,;;S along which its derivative is positive. Along a C' curve in S tangent to d, the zero gain
becomes positive while the other remains positive.

If both gains are zero, transversality of Am;;x_ ., means
2
Dxij Aﬂ-ij,x,(ij) (Xijv 0) |TxijS : Txij S— R

is onto. Hence some direction d € Tx,;S is mapped to (1,1). A curve in S tangent to d makes both gains
positive. In every case, x;; is a limit of points in the joint strict-positivity set and therefore belongs to
1 .

Theorem F.1 (Almost-everywhere equivalence). If the gain family is properly parameterized,
then
Bjj(x—(ij):0) = Bjj(x_(i5);0) = Bjj(x_;j): 0)

for Lebesgue-almost every 8 € ©°.

Proof of Theorem F.1. Proper parameterization implies the three lifted transversality conditions
displayed above. The finite-dimensional parametric transversality theorem (Hirsch, 2012) states that if
a 09 map ¥ : M x ©° — R* is transverse to zero and ¢ > max{0, dim M — k}, then ¥(-, ) is transverse
to zero for Lebesgue-almost every 6. Apply it to each of the three restricted maps on every S € S;;.
Since dim S < Kj;; and K;; > 0, regularity of class C%ii is sufficient for every scalar and stacked map.
There are finitely many active-set strata, so one may intersect the resulting full-measure parameter sets.

Thus the hypotheses of Lemma F.1 hold for almost every 8, which proves the result. ll

Remark F.1 (Scope). At a fixed contract profile x, and hence fixed x_(;;) for each bargaining pair
(i), suppose that every pair’s gain family is properly parameterized on a common parameter domain.
Finiteness of the graph then implies that, for almost every 6, the three definitions coincide for all
bargaining pairs simultaneously. This finite-intersection argument need not extend to a continuum of
pairs.

This completes the general argument. Next we verify its gain-rank condition in logit and mixed

logit.
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F.2 Verification in Logit Models

This section keeps the bargaining-set definitions fixed and adds multiproduct Bertrand competition

under logit demand. Its only goal is to verify proper parameterization.

F.2.1 Gains from logit primitives
Use G’ € {G,G_;;)} as the graph-state index and define its contract profile by

XG =X = (Xij, X,(ij)), XG*(ij) = X,(ij).

For each G/, let v&’ (XG,, 6) denote the vector of the price-independent parts of products’ mean utilities,
¢ (x%, ) the vector of product marginal costs, and s¢ (p; %, 8) the vector of demand shares. Retail-
ers then play the second stage multiproduct Bertrand pricing game; p*’G/ (XG/, 0) denotes its selected
equilibrium. Consistently with the paper’s payoff notation, write ﬁ?l(p,XG/; 0) for firm f’s payoff at
arbitrary prices, and define the equilibrium payoffs by

These objects determine Ar;; i) (x4, 0) through the gain definition above. Throughout this section,
we omit the displayed arguments of these objects when no ambiguity arises; their dependence on con-
tracts and parameters remains in force. Logit demand specifies how mean utilities and prices determine
shares, but not how contracts affect mean utilities, marginal costs, or payoffs. That link must be part
of the primitive family. We give one relationship-local affine specification for which Am;;
(PR).

Let J be the finite set of retailers. Recall that j € J is the retailer in pair (ij). Each r € J owns a

. satisfies
(i5)

nonempty product set L,, and (L, ),c7 is a disjoint partition of £, where L = |£|. Homogeneous-logit

demand shares under G’ are

o exp(vf — apy)
s = el , a >0,
14> rerexp(vy — apy)
where the outside utility is normalized to zero, and
SOG, = ! ¢ = Z SZGI reJ
= ; , = , .
14+ Y gerexp(vd’ — apy) " it

Here 38’" is the outside-option share, while af‘ﬂ is retailer r’s aggregate share; in particular, ng’ is the
aggregate share of the retailer in pair (ij). For the finite product set considered here, finite utilities and
prices imply slG’ > 0 and sg’w > () directly from these formulas. The constant « is the homogeneous-logit
specialization of the paper’s a(f). Restrict attention to an open parameter domain ©% C ©° on which,
for every x;; € Xi; and G' € {G,G_;;)}, the selected multiproduct-Bertrand equilibrium is an interior
solution of the unconstrained price first-order conditions and is jointly C¥i in (%45, 01L). These are

the interiority and regularity conditions used below.
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Each retailer’s downstream pricing objective is its standard variable profit with constant per-unit
product costs. Normalize market size to one, equivalently measuring all payoffs and payoff parameters

per unit of market size. For retailer D;, define variable profit by

el Gy G
TD;var = Z(Pl - )si
lELj

and, for [ € L;, the product-level first-order condition and logit share derivative are

G/ Gl 88]?/
0=y¢ +Z(pk’_ck)a )
keL; P

!

- — 1k = 1] — s%).
o asy (1[k =11 —s")

Dividing the first equation by SZGI > 0 gives

! 1 ! !
- =—+ Z(pk_ckG)SkG'
Y er

The right-hand side is independent of [, so all products of retailer D; have the common equilibrium

markup
1
a(l — O'JG/)
Thus
G/ G/ 1 U ! 1
B =Vie), V@)= ZyIo c€ 1) Vi) = rm >0
*,G’

where prices and shares are evaluated at p whenever their arguments are suppressed. Any additional
terms in the retailer’s bargaining payoff are assumed to be price-independent and identical under G and
G_(ij); hence they cancel from the gain. Therefore

G7 Z"
Amp, = V(O'JG) — V(o @,

F.2.2 Verification under relationship-local affine parameterization

Continue to fix (ij) = (ij) and x_(;;) as above, and let G’ € {G,G_(;;y}. The contract x;; ranges over
X;;. Assume that product availability and ownership remain fixed across the two graph states, and let
the nonempty set L;; C L; collect the products whose primitives may be shifted by pair (ij).

Within the homogeneous-logit submodel, write
0L = (91 Nij, pij, ki) € OFF

,19HL

where the superscript H L labels the homogeneous-logit submodel. The block collects all remaining

parameters; it may enter the primitives nonlinearly. The blocks (Aij, pij, kij) contain independent
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intercept shifters for (ij). For products owned by D;, write
Aij = (Mij)ier;; € RIZil, pij = (Prij)ieL;; € RIFal, kij € R,

where \;;; and p;;; are product-specific utility and marginal-cost shifters.

For each product [ € L;j;, suppose

of (x4, 01) = o7 (xE 9H) £ 1[(if) € Gy (40)
o (x, 01L) = G (xF 9T + 1[(if) € C')prij. (41)

For products outside L;;, the displayed pair-(ij) coefficients have no effect. The baseline primitives may

9L and on the relevant contracts, subject to the standing smoothness conditions,

depend arbitrarily on
but are independent of (\ij, pij, Kij)-
The supplier-payoff shifter for pair (ij) is k;;, measured in the same per-market payoff units as

profits. At arbitrary prices, its payoff satisfies
' ’ 0,G/ ' ..
. (P, x93 0M) = 7% (p, x0T Nij, pig) — 1[(i) € Gk, (42)

where WOU’iG/ is independent of x;;. The x;; shifter affects neither demand, marginal costs, nor retailer
payoffs. Dependence of 7TIOJ’Z,GI on (Aij, pij) is induced through the graph-G’ primitives, so these coefficients
have no effect under G_;;). All displayed affine coefficients are mutually independent. Equations (40)—
(42) are the relationship-local affine parameterization for (ij).

Fix any product I* € L;;. Let the selected affine coordinate be either 7;; := \j» ;; or 745 := py+ 45, and

define the retained coordinate plane

0
D;j := span {,

— b C TyurOHL.
aTij aliij} oHL

These two parameter directions are active under G and inactive under G_;;).

Proposition F.1 (Equivalence under logit). For fixed (ij) and x_(;;), maintain the standing as-
sumptions on X;;, Ay (7)) and its C%i regularity. Suppose the homogeneous-logit model satisfies
the relationship-local affine parameterization, the stated equilibrium and parameter-independence con-
ditions, and the assumption that any additional price-independent terms in the retailer’s payoff cancel
between G and G_(;;). Then its gain family satisfies (PR). Hence B}, (X (i) L) = B?j(x_(ij); oLy =
Bf’]( —(ij); 01F) for Lebesgue-almost every 075 = (971 ;. py;, /{l]) € ol

Proof. For each r € 7, define
z¢" = > exp(v” — ac) > 0.
leL,

At an interior price equilibrium, every product of retailer r has markup [a(1 — ¢")]~!. Hence
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Writing 6% = (6¢"),e7 and s§ =1 — dored o0&, define the share system

3¢ (6%") :=log ¢ — log sg’” + [0 log Z&" =0, reJ. (43)
e
Let ®¢ .= (CIDSI)TEJ. Its Jacobian with respect to 0@ is
/ 1 1 1
D,®% = dia <,+/)+,1 1;. 44
o Ereg oG (1—00)2 50G JLJ (44)

This matrix is positive definite: its diagonal term is positive and its rank-one term is positive semidefi-
nite. Thus (D ®%")~! is positive definite and, in particular, [(Dy®%")~1;; > 0.

Define

o exp(vf —ac)

Wial; = >0
I*|j ZJG s

the within-retailer exponential weight of product *. Changing the selected coordinate 7;; by one changes

vlcf — aclcf by

O, Tij = Pirg,

1, Tii = N*.i4
] 71],
Gy = { ar # 0,

and has no effect under G_;;). Consequently,

og 2576 — .

J

or,

ij log ZrG = 1[T = j]aTle* aTz'

I
Differentiating (43) gives
0, 0% = [(DGQG)_I]j].aTwﬁU #0, 0, .0,

Since V' > 0,
p) »ATFD]- = V’(UJG)[(DU@G)_I]].J.GTWIG*U # 0.

Tij

The supplier shifter x;; does not affect retailer payoffs, so 0x,; Amp, = 0. Moreover,
Ok Ay, = —1,

because the relationship cost is present under G and absent under G_(;;). In the ordered coordinate

basis (0/07i;,0/0ki;), the restricted derivative Dp,, Ay x ;) 1s represented by

87—ijA7TDj a,{ijAﬂ'Dj _ V’(ng)[(D,,@G)fl]jjaTwﬁ‘j 0 '
O, Amy, 0O * -1

Tij Kij Ay,

Both diagonal entries are nonzero, so Dp,; Aﬂij,x_w) is onto throughout the regular domain. Apply
Theorem F.1 with ©° = @11, W

Remark F.2 (Arbitrarily small affine effects). The rank calculation holds at every admissible

value of the affine coefficients. If the zero affine block belongs to the regularity domain, then for every
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€ > 0 the domain may be restricted to
@fL = 0Hfln {GHL : ”()\z’japija I’i@‘)” < 6} .

Proper parameterization still holds there. The argument therefore requires only arbitrarily small

relationship-local perturbations of the primitives.

F.3 Local transfer to mixed logit

The final step uses the logit verification as an anchor. Mixed logit contains homogeneous logit at partic-
ular parameter values, which lie on the boundary under standard variance or scale parameterizations.
Berry et al. (1999) is a leading example. Let @M% be a finite-dimensional C* manifold with boundary
or corners, and let @ € ©ML denote the full parameter vector, including all demand, cost, payoff, and
heterogeneity parameters. Assume that the relationship-local affine blocks (i, pij, ki) remain unre-
stricted Euclidean coordinates in the relevant boundary charts. Assume also that a C%4 embedding
maps ©FL diffeomorphically onto the relevant boundary face of ©ML and preserves these affine co-
ordinates. Retain the coordinate plane D;; defined in the logit construction. The contracting graph,
product sets, and ownership structure remain fixed across @M%,

For fixed (ij) and x_(;j), retain the arbitrary-price payoff notation ﬂ?/(p,xG/; 0) and the selected
equilibrium maps p*’G/ (XG/,O) defined above. When using the common domain Xj; x OML  extend
every G_;;) object constantly in the dummy coordinate x;;. If the standing uniqueness requirement in
Assumption 1 is relaxed, all payoffs, gains, and bargaining sets in this subsection are understood relative
to the fixed selected equilibrium branch. The required smoothness of that branch is imposed explicitly
below. The smoothness of mixed-logit demand alone does not guarantee that this composed payoff is
smooth: the selected price equilibrium must also vary smoothly. We therefore state both requirements

explicitly below.

Corollary F.1 (Local mixed-logit transfer).Let 8, ¢ © correspond to a homogeneous-logit
model satisfying the assumptions of Proposition F.1, with the same retained coordinate plane D;;.
Suppose there is a common neighborhood U of X;; x {6y} that is open in REi x ©ML and such that,
for each G' € {G,G_(;;)}:

1. the selected pricing-equilibrium map p*¢ (x",0) is C%ii up to the parameter boundary on U

and is an interior price solution throughout U;

2. there is a neighborhood W of the graph

/

{(p~? (x“",0),xi;,0) : (xi;,0) € U}

that is open in RY x RE#4 x ©ML on which the mixed-logit demand map and the arbitrary-price

payoff maps TrJ(c;/ are C¥ii in (p,xij,0) up to the parameter boundary; and

3. at 6o, the derivatives of the induced gain map along D;; agree with those of the homogeneous-logit

model for every x;; € Xj;.
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Then there is a relative neighborhood ¥V ¢ ©ML of 6, on which Dp, Amijx_ ) (x4, 0) has rank two for
every X;; € X;; and 6 € V. Consequently,

Bj;(x_(ij); 0) = B (x_(i5):0) = Bj(x_(i;; 0)

ij)s
for chart-Lebesgue-almost every mixed-logit parameter 8 € V.

Proof. The first two assumptions and the composition displayed above imply that the induced payoffs,
and hence Amj,xi(ij), are C%i up to the parameter boundary on #. The third assumption and
Proposition F.1 imply that the derivative along D;; is onto at 6 for every x;; € X;;.

Define the rank-margin function
T
rmi;(Xij, 0) = Amin (DDU ATy, (%ij,0) [ D, Amya ) (x5, 0)] ) :

where both restricted derivatives are evaluated at (x;;,6). This function is continuous and positive
on the compact set X;; x {6o}, so its minimum there is some r;; > 0. Since U is a neighborhood of
that compact set, continuity and a finite-cover argument give a relative neighborhood V of 8, such that
Xij x ¥V CU and rmy;(x;j5,0) > r;;/2 throughout X;; x V. Shrink V to lie in a parameter chart. If g

@ML

is an interior point, choose V C int and set Viy := V. Otherwise, define the interior part

Vint := V Nint oML
in the boundary chart. In either case, the chosen chart identifies Vi, with an open subset of Rdim(GML),
and Dp, Amjx_ i) has rank two throughout X;; x Viy;. Pull back the gain family through this chart.
The pulled-back family is C*i and properly parameterized on that open Euclidean coordinate domain,
so Theorem F.1 applies there. Translating the conclusion back through the chart gives the almost-
everywhere result on Vint. The boundary of a finite-dimensional manifold with boundary or corners has

chart-Lebesgue measure zero, so the same almost-everywhere conclusion holds on all of V. B

When demand has an integral representation, validity of differentiation under the integral through
order Kj;; is one way to verify the Ci demand condition in item 2. Cussen (2026) uses the condi-
tions of Morrow and Skerlos (2010a) to show that differentiation under the integral is valid in linear
utility models. Cussen (2026) also shows interiority of equilibria and convergence of derivatives to logit
derivatives.

On a larger parameter domain, Theorem F.1 gives the same almost-everywhere conclusion whenever
the enlarged family is properly parameterized; rank two of the retained block throughout the domain
is a simple sufficient condition.

Nesting alone does not establish properness on an arbitrary global parameter domain. Even with
analytic maps, pointwise nonvanishing of a minor at logit does not control the projection of its zeros
over a continuum of contracts. A global result therefore requires family-level properness or a separate
uniform rank argument. In the local result, the homogeneous-logit model is only a boundary anchor for
the uniform rank estimate; transversality is applied on the interior, and the parameter boundary is a

null set.
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G Unique Bargaining Solution with Logit Demand

Let I =J=2,G={(1,1),(2,2)}. The demand is logit with linear demand and an outside good. Each
retailer sells one good, which is the only input it buys from its supplier. The mean utility of good j
(identified by the retailer that sells it) is ; — apj, o > 0. Each supplier has marginal cost ¢; > 0. If
bargaining breaks down firms get zero profits. For each (ij) X;; = [¢;, 2], where £ >> max{ci, ca} (see
Lemma 3). Retailers’ only cost is the input price they pay, z;.

From Konovalov and Séndor (2010) we know that, given x, there exists a unique Bertrand-Nash
equilibrium in the second stage game, p*(x). Let s; be the logit choice probability/market share of

good j and define s;(p*(x)) =: s}(x).

Proposition 7. For all b € (0,1)2, for all (ij) € G, for all X_(ij) € X_(ij), the Nash product has a

unique global mazximizer in (c;, Z;).

Proof. First, note that (¢;,7) C Bij(x_;j
X_(ij), and suppress subscripts ¢ and j whenever there is no ambiguity. Let s := s;(x). From Appendix
F we know that

) for all (ij) for all x_;;), so A2.2 always holds. Fix j and

. S
Let
(0 —0), 1= = Amp,(U) = 71,(x) =~ and 7, (x) = ©
=a(r—c = mp,(U;) = 7y, (x) = ——— and 7p,(x) = —.
Y ’ 1—s A b a(l+1t) D; o
Because a > 0 we can rewrite the Nash product as
t.yl—bij
Nig(%,03) = G p5m5s

Now we want y as a function of t. Let s be the share of the outside good in equilibrium given x, and
define

2= %0 "
— s
Then, the shares of all goods in equilibrium are
X t N z . 1=z
S, = — Sn = S, = .
It 0T 14t P14t
For simplicity, think of j = 1 and k£ = 2. Note that
1—
log< Z) = 0 — apg. (45)
z
The FOC of the logit model is
) = . (16)
X)—Zp=——— = QT =«
Pk k a(l—sn) k Dk T
Thus we get
1—2 1+t
1 =0 — . 47
og( z >+t+z kT ATk (47)
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For every t > 0, the LHS of (47) is strictly decreasing in z and goes to +00 as z | 0 and to —oo as z 1 1.
It thus defines a smooth function z = z(t) with range (0, 1). Getting its derivative w.r.t. ¢ via implicit

differentiation we get

2(1 — 2)?

S T

<0, because D(t,2):= (t+2)? +2(1—2)(1+1t) > 0. (48)

From the definition of market shares and (46) we have

S t

Therefore

O(t) =t +Int —Inz(t) = - Sjs +6; — ap; (49)
=85

Since there is a bijection between i and j, write ¢; for the marginal cost of U; that sells to D;. Letting

d:=d; —ac; — 1 we get

d—gf)(t):éj—acj—l— 5

=, —0; +ap;

= a(pj — ¢;) —a(pj —z;) (from the logit FOC)

But
(1-2)°

5 "

1 1
dt)=1+ n +w(t) >0 with 2> w(t) =

Thus y(t) is strictly decreasing in ¢t. Therefore, t is strictly decreasing in x;. Because A2.2 holds, we

can take logs inside B;j(z) and the FOC of the bargaining problem to get

1) = T5 = (1= by n(y(8) +In(t) = (1 = ) (1 + )
Because y'(t) = —¢/(t) we get
(1—biy)d'(t) 1+ byt

v =- y(t) t(1+1) (50)
Define L b1t
A (0= E D K 0= o) + i, (090 (51)
Equations (49) and (50) imply
sgnl'(t) = sgn[d — Ky, (t)]. (52)

Now we want to prove that Kj,; is strictly increasing. Begin by differentiating w along the function

z = z(t). This gives

wo D D2

w _2t+z—|—22 n 2(1—2)2(3t +1 — 2t2)
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The second term in the RHS is positive, and
2D — t(2t + 2z + 2%) = z[2+ (5 — 32)] > 0.

Thus

Define . )
¢6<t) =1+ I g(t) = T2

so that ¢' = ¢ +w and ¢ = ¢fj 4+ w'. Differentiating K, gives

Kéij = Kéﬁp + U)(l + A;)”) + Abijw’7

where
Kéijﬁ C= (1 + A/blj)¢6 + Abij¢g
_ (L 41) [byt® + (1= byy)? — (1= byy) +2)t + 1] >0
t[1+ byt]? '
Let 24, (1)
By, (t) =1+ A) (1) - bt”‘ .
By (53),

w(l+ Ay,) + Ap;w' > wBy,;.

If By,; > 0, equations (54), (55), and (57) imply Kj > 0.

(53)

(56)

(57)

Suppose instead that By, < 0. Since w < 1/ t2, multiplying this inequality by the negative number

By,; reverses its direction, so

It follows that
/ Bbij _ (1+ t)Pbij (t)

21+ bt]

where

b,

ij

Every coefficient in (59) is strictly positive because b;; € (0,1). Indeed,

(1—bz‘j)2—(1—bij)+2=((1—bz‘j)—;)2+1>0

and
5 3\? 7
21 —bi5)° —3(1 —bjj) +2=2 (l—bij)—z +§>0.

60

(t) = bigt® + (1 = bij)* — (1 = big) +2)° + (2(1 = byj)* = 3(1 = bij) + 2)t + by



Therefore P, (t) > 0 for every ¢t > 0. Together with the preceding case this proves that
Kpj(t) >0 for every t > 0. (60)

By (52) and (60), I'(t) can equal zero at most once. If it equals zero, it changes sign from positive to
negative. Thus the Nash product is strictly single-peaked as a function of £. Since ¢ is strictly decreasing
in x;, the same unique maximizer obtains when the objective is viewed as a function of z;.

At z; = ¢;, U;’s gains from trade and the Nash product are zero. Every jointly profitable contract
has a strictly positive Nash product. Therefore, if the unique peak lies in (c;j, ), it is the unique global
maximizer. Now we note that this logit model is a special case of linear utility mixed logit models, to
which the mixed logit models converge uniformly as the variances of their random coefficients (in this
case, without loss, of @) go to zero (Cussen, 2026). Therefore, proofs for mixed logit models apply here.
Corollary 2.18 of Morrow and Skerlos (2010a) shows that eventually the derivatives of 7p, w.r.t. p;
will become negative. From Cussen (2026) we know that that result applies in this model. Since p; is
increasing in ., if x; is sufficiently high we get I’(t) < 0 at some (¢;, Z). The existence of Z high enough
follows from Corollary 2.18 of Morrow and Skerlos (2010a). This completes the proof. B

Comment. If b — 1 € R?, then Proposition 7 shows that it can be proven analytically that all our

assumptions can hold in a single model with discrete choice demand. Table 5 summarizes this result.

Table 5: Verifying Assumptions in a Simple 2 x 2 Logit

Assumption

Assumption 1 Konovalov and Sandor (2010)
Assumption 2.1 Assumptions 1 and 5, and Proposition 4
Assumption 2.2 Bij(x_(ij)) D (¢, %) ¥V x_35y € X_(35) ¥V (ij) € G
Assumption 2.3 Proposition 7
Assumption 2.4 Lemma 3

Assumption 3.1 | Assumptions 2 and 7 4+ Proposition 5, or Proposition 6

Assumption 3.2 Lemma 5
Assumption 4 Lemma 7 if b — 1 € R?
Assumption 5.1 Appendix E
Assumption 5.2 Konovalov and Sandor (2010)
Assumption 6 Appendix E
Assumption 7 Proposition 6

Notes: All our assumptions can be verified direcly in a model with 2 single product suppliers, two single product retailers,
two bilateral monopoly relations, linear input prices, logit demand, and zero profits if bargaining breaks down.
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